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DIFFRACTION OF A PULSE BY A THREE-DIMENSIONAL CORNER 
by Lu Ting and Fanny Kung 
New York Un ive r s i ty ,  New York, N.Y. 
SUMMARY 
F o r  t h e  d i f f r a c t i o n  o f  a pulse  by a three-d imens iona l  corner ,  e .g . ,  the  
c o r n e r  o f  a c u b e ,  t h e  s o l u t i o n  is c o n i c a l  i n  t h r e e  v a r i a b l e s  5 = r / ( C t ) ,  8 
and to. The t h r e e - d i m e n s i o n a l  e f f e c t  is  c o n f i n e d  i n s i d e  t h e  u n i t  s p h e r e  5 = 1, 
o r  t h e  s o n i c  s p h e r e  r = C t  w i t h  t h e  v e r t e x  o f  t h e  c o r n e r  as t h e  c e n t e r .  
The  boundary  da ta  on  the  uni t  sphere  i s  p r o v i d e d  b y  t h e  a p p r o p r i a t e  s o l u t i o n s  
f o r  t h e  d i f f r a c t i o n  o f  a p u l s e  by a two-dimensional wedge.  The s o l u t i o n  
e x t e r i o r  t o  t h e  c o r n e r  a n d  i n s i d e  t h e  u n i t  s p h e r e  is  cons t ruc ted  by  the  
s e p a r a t i o n  o f  t h e  v a r i a b l e  5 from 8 and q. The a s soc ia t ed  e igenva lue  p rob lem 
i s  s u b j e c t e d  t o  t h e  same d i f f e r e n t i a l  e q u a t i o n  i n  p o t e n t i a l  t h e o r y  f o r  t h e  
s p h e r i c a l  a n g l e  v a r i a b l e s  8 and cp, b u t  w i t h  a n  i r r e g u l a r  b o u n d a r y  i n  8 - Cp 
plane.  A s y s t e m a t i c   p r o c e d u r e  i s  presented   such   tha t   the   e igenvalue   p roblem 
i s  reduced   to  t h a t  of  a system of l i n e a r  a l g e b r a i c  e q u a t i o n s .  Numerical 
r e s u l t s  f o r  t h e  e i g e n v a l u e s  a n d  f u n c t i o n s  are obtained and are a p p l i e d  t o  
c o n s t r u c t   t h e   c o n i c a l   s o l u t i o n   € o r   t h e   d i f f r a c t i o n   o f  a p lane   pu lse .   For  
t h e  d i f f r a c t i o n  o f  a g e n e r a l  i n c i d e n t  wave b y  c o r n e r s  o r  e d g e s ,  t h e  s o l u t i o n s  
are no longe r   con ica l .  Two theorems  a re   p resented  s o  t h a t   t h e   v a l u e  a t  t h e  
v e r t e x  of t h e  corner  or  a long  the  edges  can  be  de te rmined  wi thout  the  con-  
s t r u c t i o n  o f  t h e  t h r e e - d i m e n s i o n a l  n o n - c o n i c a l  d i f f r a c t i o n  s o l u t i o n s .  
Re levan t  numer i ca l  p rog rams  fo r  t he  ana lys i s  are p resen ted  in  the  append ix .  
1. I n t r o d u c t i o n  
The p r o b l e m  o f  d i f f r a c t i o n  a n d  r e f l e c t i o n  o f  a c o u s t i c  waves o r  e l e c t r o -  
magnet ic  waves by wedges,  corners and other two-dimensional o r  a x i a l l y  sym- 
metric o b s t a c l e s   h a s   r e c e i v e d   e x t e n s i v e   i n v e s t i g a t i o n s .  A s u r v e y   o f   t h e s e  
i n v e s t i g a t i o n s  c a n  b e  f o u n d  i n  R e f e r e n c e  1. 
The p r e s e n t  i n v e s t i g a t i o n  is  m o t i v a t e d  b y  t h e  s t u d y  o f  t h e  e f f e c t  o f  
s o n i c  boom o n  s t r u c t u r e s .  The p r e s s u r e  wave c rea t ed  by  a s u p e r s o n i c  a i r p l a n e  
i s  t h r e e - d i m e n s i o n a l   i n   n a t u r e .  However, t h e   r a d i u s   o f   c u r v a t u r e   o f   t h e  
wave f r o n t  is  u s u a l l y  much l a r g e r  t h a n  t h e  l e n g t h  scale o f  a s t r u c t u r e .  
T h e r e f o r e ,  t h e  i n c i d e n t  waves can  be  approximated  by  progress ing  p lane  waves  
w i t h  t h e  wave f o r m  u s u a l l y  i n  t h e  s h a p e  o f  t h e  l e t t e r  N and are r e f e r r e d  
t o  as N-waves. 
Fo r  two-d imens iona l  s t ruc tu res  in  the  shape  o f  a r e c t a n g u l a r  b l o c k ,  
t h e  d i f f r a c t i o n  of a p l a n e  p u l s e  b y  t h e  f i r s t  c o r n e r  i s  g i v e n  e x p l i c i t l y  
by   the   two-dimens iona l   conica l   so lu t ion   of  Kel ler  and  Blank r2]. The 
s o l u t i o n  f o r  e a c h  s u b s e q u e n t  d i f f r a c t i o n  b y  t h e  n e x t  c o r n e r s  c a n  b e  o b t a i n e d  
b y   t h e   u s e   o f   G r e e n ' s   f u n c t i o n   f o r  a wedge [ l ,  pp. 108-1151. F o r   r i g h t  
a n g l e d  c o r n e r s ,  t h e  d i f f r a c t i o n .  s o l u t i o n s  c a n  b e  o b t a i n e d  b y  t h e  s o l u t i o n  
o f  a n  Abel t y p e  i n t e g r a l  e q u a t i o n  [ 31. By means o f  t h e  i n t e g r a l  o f  Duhamel, 
t h e  s o l u t i o n  f o r  t h e  d i f f r a c t i o n  o f  a p l ane  pu l se  by  a two-dimensional 
s t r u c t u r e  was e m p l o y e d  t o  c o n s t r u c t  t h e  s o l u t i o n  f o r  t h e  d i f f r a c t i o n  o f  a n  
N-wave by the same s t r u c t u r e  [ 4 ] .  
F o r  t h e  t h r e e - d i m e n s i o n a l  p r o b l e m  o f  t h e  d i f f r a c t i o n  o f  s o n i c  boom by 
s t r u c t u r e s ,  t h e  f i r s t  s t e p  i s  t h e  c o n s t r u c t i o n  o f  t h e  s o l u t i o n  f o r  t h e  
d i f f r a c t i o n  o f  a p lane   pu lse   by  a co rne r   o f  a s t r u c t u r e .  The fo rmula t ion  
o f  t h e  d i f f e r e n t i a l  e q u a t i o n  a n d  t h e  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  f o r  
t h e  p r o b l e m  i n  t h r e e - d i m e n s i o n a l  c o n i c a l  v a r i a b l e s  i s  p r e s e n t e d  i n  t h e  n e x t  
s e c t i o n .  
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2. Formulat ion 
F o r  t h e  a c o u s t i c  d i s t u r b a n c e  p r e s s u r e  p,  t h e  g o v e r n i n g  d i f f e r e n t i a l  
e q u a t i o n  i s  t h e  s i m p l e  wave equa t ion ,  
i n  t h e  r e g i o n  o u t s i d e  a t r i h e d r o n  s i m u l a t i n g  t h e  c o r n e r  o f  a s t r u c t u r e .  
As shown i n  Fig. 1, two edges,  OA and OB, o f  t h e  t r i h e d r o n  are i n  t h e  
x-y plane and are b i s e c t e d  b y  t h e  n e g a t i v e  x-axis w i t h  h a l f  a n g l e  QI and 
t h e  t h i r d  e d g e  OD, which i s  t h e  n e g a t i v e  z - a x i s  w i t h  t h e  vertex 0 as 
t h e  o r i g i n .  L e t  t = O  b e  t h e  i n s t a n t  when t h e  p u l s e  f r o n t  h i t s  t h e  vertex. 
The  boundary  condi t ion  on  the  three  faces  of  the  t r ihedron  i s  
a p / a n  = 0 ( 2  1 
The t h r e e - d i m e n s i o n a l  d i s t u r b a n c e  d u e  t o  t h e  v e r t e x  i s  c o n f i n e d  i n s i d e  
t h e   s o n i c   s p h e r e  r = C t  where r = (2 + + z 2 ) % .  O u t s i d e   t h e   s o n i c  
s p h e r e ,  t h e  p r e s s u r e  d i s t r i b u t i o n  is  g i v e n  e i t h e r  b y  t h e  r e g u l a r  r e f l e c t i o n  
o f  t he  p l ane  pu l se  f rom the  su r faces  o f  t he  t r i hed ron  o r  by t h e  d i f f r a c t i o n  
of the  pulse   by  the  edges.  When t h e   p u l s e   f r o n t  i s  p a r a l l e l   t o   t h e   e d g e ,  
t h e  d i f f r a c t e d  wave i s  g iven  by a two-dimens iona l  uns teady  conica l  so lu t ion .  
When t h e  p u l s e  f r o n t  i s  n o t  para l le l  t o  t h e  e d g e ,  t h e  d i f f r a c t e d  wave i s  
given  by a s t eady   t h ree -d imens iona l   con ica l   so lu t ion .   Fo r   bo th   ca ses ,  
s o l u t i o n s  are g i v e n  i n  two c o n i c a l  v a r i a b l e s  i n  [ Z ]  by  means of  Busemann’s 
conical f low method. 
Due t o  t h e  a b s e n c e  o f  a t i m e  s c a l e  a n d  a l e n g t h  s c a l e ,  t h e  d i s t u r b a n c e  
p r e s s u r e  p nond imens iona l i zed  by  the  s t r eng th  o f  t he  inc iden t  pu l se  shou ld  
be  a f u n c t i o n   o f   t h e   t h r e e - d i m e n s i o n a l   c o n i c a l   v a r i a b l e s ,   x / ( C t ) ,   y / ( C t )  
a n d  z / ( C t )  o r  i n  terms o f  t h e  s p h e r i c a l  c o o r d i n a t e s  b y  5 = r / ( C t ) ,  9 and.cp. 
The s i m p l e  wave e q u a t i o n  f o r  p(5,8,Cp) becomes, 
i n s i d e   t h e   u n i t   s p h e r e ,  5 = 1, a n d   e x t e r i o r  t o  t h e   t r i h e d r o n .  The  boundary 
c o n d i t i o n s  are: 
a p / a  = 0 on   su r face  OAB, 8 = n/2,  - (TT-a) < Cp < n-a (4 1 
ap/acp = o on   su r face  OBD, cp = -nW, n/2 < 8 < n (5b 1 
and p = F(8,cp) o n  u n i t  s p h e r e  5 = 1 o u t s i d e  o f  t h e  t r i h e d r o n .  
The jump a c o r s s  t h e  s o n i c  s p h e r e  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  
s q u a r e  r o o t  o f  t h e  area o f  t he  r ay  tube ,  (dS)’. S ince  a l l  t h e  rays   reach  
t h e  s p h e r e  come from the or igin where dS = 0, t h e  jump a c o r s s  t h e  s o n i c  
0 
s p h e r e  is zero .  The p r e s s u r e  is c o n t i n u o u s   a c r o s s   t h e   s p h e r e  5 = 1; and 
F(8,cp) is  d e f i n e d  b y  t h e  s o l u t i o n s  o u t s i d e  t h e  s o n i c  s p h e r e  i n  two conica  
v a r i a b l e s  g i v e n  b y  [Z].  
3 
To c o n s t r u c t  t h e  s o l u t i o n  b y  t h e  m e t h o d  o f  s e p a r a t i o n  of v a r i a b l e s ,  
t h e  u s u a l  trial s u b s t i t u t i o n  p ( g , e  ,cp) = 2 ( c )  G(p,rp) i s  introduced where 
p = cos0  and  eq. (3) becomes 
62 (1-C2)  Z"(5) + 2(l-C2) Z ' (C)  - XQ+l) Z(C) = 0 (6 1 
f o r  1 > 5 B 0, and 
f o r  t h e  domain i n  p - cp p lane  wi th  l c p [  < n-a when 0 2 p 2 -1, and  wi th  
I@[ s l-r when 1 2 p > 0. S i n c e  t h e  p r e s s u r e  p a n d  a l s o  G are s i n g l e  v a l u e d ,  
G shou ld  be  pe r iod ic  i n  cp when 1 2 p > 0, i. e . ,  
The range of cp i s  t h e r e f o r e  r e s t r i c t e d  f r o m  -n t o  TT a n d  t h e  two ends 
are c o n n e c t e d  b y  t h e  p e r i o d i c i t y  c o n d i t i o n .  
The replacement of t h e  v a r i a b l e  0 by p and t h e  u s e  o f  t h e  c o n s t a n t  
o f  s e p a r a t i o n  Xa+l) are m o t i v a t e d  b y  t h e  i n t e n t i o n  o f  r e p r e s e n t i n g  G ( p , B )  
by   the   spher ica l   harmonics .  
The   boundary   condi t ions   on   the   sur faces   o f   the   t r ihedron ,   eq .  ( 4 ) ,  
become 
The c o n d i t i o n  t h a t  p i s  bounded i n  p a r t i c u l a r  a t  t h e  two po le s ,  8=0 and 
0 = ~ ,  y i e l d s   t h e   c o n d i t i o n ,  
I G ~  < m  a t  p = *  1 (9c)  
The p e r i o d i c i t y   c o n d i t i o n ,  eq. (8), s u p p l i e s   t h e   c o n d i t i o n   a l o n g   t h e  
remain ing  boundar ies ,  
G(p,-n) = G(p,n) and 
G (p,-n) = G (p,n) f o r  1 2 p > 0 
CP CP (9d 1 
The d i f f e r e n t i a l   e q u a t i o n ,  (7 ) ,  and  the   boundary   condi t ions ,   (9a-d) ,  
def ine   an   e igenvalue   p roblem.  The de te rmina t ion   o f   t he   e igenva lues ,  
x ' s ,  a n d   t h e   a s s o c i a t e d   e i g e n f u n c t i o n s ,  G (p,cp), are d e s c r i b e d   i n   t h e  
n e x t  s e c t i o n .  x 
4 
3. The Eigenvalue  Problem 
For  the  e igenva lue  p rob lem fo rmula t ed  in  the  p reced ing  sec t ion ,  two 
edges  o f  t he  t r i hed ron ,  OA and OB, are assumed t o  b e  normal t o  t h e  t h i r d  
e d g e .   T h i s   r e s t r i c t i o n  i s  imposed   due   to  two c o n s i d e r a t i o n :  1) t h e   s u r f a c e s  
o f  t h e  c o r n e r  can b e  d e f i n e d  b y  s u r f a c e s  o f  c o n s t a n t  8 o r  c o n s t a n t  cp's and 
2 )  t h e  s o l u t i o n s  o u t s i d e  t h e  s o n i c  s p h e r e  f o r  t h e  d i f f r a c t i o n  p r o b l e m  c a n  
b e   c o n s t r u c t e d  as solut ions  of   two-dimensional   problems [2]. F o r   t h e  
s o l u t i o n  of the  e igenvalue  problem i t se l f  the  second  cons ide ra t ion  is  
i r r e l e v a n t .  The e i g e n v a l u e   p r o b l e m   i n   t h i s   s e c t i o n  w i l l ,  t h e r e f o r e ,   b e  
f o r m u l a t e d   f o r  a wide r  class o f   c o r n e r s  as shown i n  Fig. 2. The s u r f a c e  
OAB is a c o n i c a l  s u r f a c e  w i t h  8 = f3 and the two s u r f a c e s  OAD and OBD are  
p l a n e s  w i t h  cp = n-a and cp = - n + a r e s p e c t i v e l y .  The boundary conditions 
f o r  t h e  s o l u t i o n  o f  e q .  (7) are 
aG/ap = 0 a l o n g  p.=p =cosp  with n-a < l c p l  < TT 
0 ( loa)  
The eigenvalue  problem i s  now d e f i n e d  b y  t h e  d i f f e r e n t i a l  e q .  (7)  
and  the  boundary  condi t ions  of   eqs .  (loa - d) .  In o r d e r   t o   r e d u c e   t h e  
problem t o  t h a t  € o r  a s e t  of  a l g e b r a i c  e q u a t i o n s ,  two r e p r e s e n t a t i o n s  
o f  t h e  e i g e n f u n c t i o n  G (p,cp) a s s o c i a t e d  w i t h  ihe e igenva lue  X w i l l  be  sough t :  
o n e   f o r   t h e   r e g i o n ,  R+, w i t h  p. > CJ-  a n d   t h e   o t h e r   f o r  R- w i t h  p. < p0 (Fig. 2) .  
These two so1ut ion .s  and  the i r  normal  der iva t ives  w i l l  be  matched across  




For  the  upper  reg ion  R , t h e  e i g e n f u n c t i o n  G (v,cp) which i s  p e r i o d i c  + + 
i n  cp on  account  of  eq. ( l o a )  o r  eq. (8) can   be   represented   by   the   Four ie r  
series i n  cp wi th  pe r iod  o f  277, 
A 
For   each  m, eq. (7) y i e l d s   t h e   L e g e n d r e   e q u a t i o n   f o r  ~ - ~ ( p . )  
h 
5 
p = 1 .  P-m A is  i d e n t i f i e d  as the  gene ra l i zed  Legendre  func t ion  [5 ]  and  
d e f i n e d  b y  
where F deno tes   t he   Gauss i an   hype rgeomet r i c   func t ion .  The f a c t o r  l/J?(l-tm) 
is o m i t t e d  o n  t h e  r i g h t  s i d e  o f  e q .  (13) s i n c e  i t  i s  au tomat i ca l ly  abos rbed  
i n t o  c o e f f i c i e n t s  A and B w i t h  a net   saving  of   programming  and  computing 
t i m e  . m m 
For  the  lower  r eg ion  R-, i. e. , -1 I p. < p. t h e  e i g e n f u n c t i o n  G- which 
f u l f i l l s  t h e  b o u n d a r y  c o n d i t i o n s  o f  e q s .  ( l o b  a n d  c ) ,  can   be   expressed  as a 
c o s i n e  series i n  (cp - n + a)  w i t h  h a l f  p e r i o d  o f  2(n - a)  i . e . ,  
0 x’ 
n=O, 1 , 2 . .  
where @ = 2(n - a).  S i m i l a r l y   f o r   e a c h   n ,  eq. (7)  y i e l d s   t h e   L e g e n d r e  
e q u a t i o n  f o r  t h e  g e n e r a l i z e d  L e g e n d r e  f u n c t i o n  P -m’Q(-p). I t  i s  f i n i t e  
f o r  -1 5 p. I p < 1. 
x 
0 
Both   express ions  (12) and (14) f u l f i l l  t h e  d i f f e r e n t i a l  eq. (7)  and 
t h e   b o u n d a r y   c o n d i t i o n s   ( l o b - d )   a p p r o p r i a t e   f o r   r e g i o n s  R and R- 
r e s p e c t i v e l y .  
+ 
A c r o s s  t h e  d i v i d i n g  l i n e  o f  R and R-, where p = t ~ ,  and l c o l  < I-T - a, + 
0 
t he  ma tch ing  cond i t ions  are t h e  c o n t i n u i t y  o f  t h e  e i g e n f u n c t i o n  G and 
i t s  n o r m a l   d e r i v a t i v e  a G  /ap. The c o n t i n u i t y   o f   t h e   s e c o n d   d e r i v a t i v e s  




The  matching  condi t ions  and  the  remaining  boundary  condi t ion,   eq.  (loa), 
c a n  b e  w r i t t e n  as 
+ +  
x 0  
G (p. ,cP> = (<,SI)) f o r  l c P l  I n - a (15) 
a ~ i  (p-,cp)/ap. f o r  lcpl < n-a 
a~ (po,u)/ap = + +  i o  f o r  TT-a < l c p l  2 TT (16 1 
Equations  (15)  and (16) can  be  reduced  to  a s y s t e m  o f  l i n e a r  homogeneous 
a l g e b r a i c   e q u a t i o n s   f o r   t h e  unknown c o n s t a n t s  A B and E by   Four ie r  
a n a l y s i s  o r  b y  f u l f i l l i n g  e q s .  ( 1 5 , 1 6 )  a t  a number  of cp’s i n  t h e  a p p r o p r i a t e  
i n t e r v a l s .   B e f o r e   c a r r y i n g   o u t   t h e   r e d u c t i o n ,  i t  shou ld   be   no ted   t ha t   t he  
d i f f e r e n t i a l  eq. (7) and   the   boundary   condi t ions   ( loa-d)  are symmetric w i t h  
t h e   p l a n e  cp = 0. The e i g e n f u n c t i o n   c a n ,   t h e r e f o r e ,   b e   e x p r e s s e d   e i t h e r  as 
even   func t ions   o r   odd   func t ions  o f  cp. Indeed, i n   t h e   e x p r e s s i o n  (11) f o r  
m’ m n 
6 
G t h e  c o s i n e  terms r e p r e s e n t  t h e  e v e n  s o l u t i o n  a n d  t h e  s i n e  terms r e p r e s e n t  
t h e  odd s o l u t i o n ,   I n   t h e   e x p r e s s i o n  (14) f o r  $, t h e  terms w i t h  even and 
odd  va lues  of  n are the  even  and  odd s o l u t i o n s  o f  cp r e s p e c t i v e l y .  They 
can b e  r e w r i t t e n  as 
+ 
L 
j = O ,  1.. . j=l ,  2.. . 
where 
I, = 2jl-r/@, G j  = ( 2 j - l h / @ ,  C.=E2j  (-1)' and D.=E (-1)' . 
j J J 2 j -1  
It i s  now o b v i o u s  t h a t  t h e  c o s i n e  terms i n  eq. (17) are even a n d  t h e  s i n e  
terms are odd i n  cp. S i n c e  t h e  odd s o l u t i o n  a n d  t h e  e v e n  s o l u t i o n  are 
o r t h o g o n a l   t o   e a c h   o t h e r ,   t h e   c o n d i t i o n s   o f   e q s .  (15) and (16) f o r  G and + 
h 
G- s h o u l d  b e  f u l f i l l e d  b y  t h e i r  e v e n  terms and a l s o  b y  t h e i r  odd terms 
r e s p e c t i v e l y .  The e igenva lues   and   t he   a s soc ia t ed   even   e igen func t ion   can  
b e  d e t e r m i n e d  s e p a r a t e l y  f r o m  t h e  e i g e n v a l u e s  a n d  t h e  a s s o c i a t e d  odd 
e igen func t ion .  By th i s   uncoup l ing ,   t he   r ank  of  t h e   c h a r a c t e r i s t i c   d e -  
t e rminan t  i s  reduced  by a h a l f ,  a n d  a d o u b l e  r o o t  o f  t h e  c h a r a c t e r i s t i c  
e q u a t i o n  of the  mixed  so lu t ions  may now be  s p l i t  t o  o n e  s i n g l e  r o o t  f o r  
t he   even   and   one   fo r   t he  odd s o l u t i o n s   r e s p e c t i v e l y .   I n   a c t u a l   n u m e r i c a l  
computat ions,  i t  is  much easier t o  l o c a t e  t h e  e i g e n v a l u e  a n d  c o n s t r u c t  
t h e  e i g e n f u n c t i o n  f o r  a s i n g l e  r o o t  t h a n  f o r  a double  root  of  the  charac-  
t e r i s t i c  e q u a t i o n .  
x 
The s o l u t i o n  o f  t h e  e i g e n v a l u e  p r o b l e m  d e f i n e d  b y  e q s .  (15) and (16) 
c a n  b e  c a r r i e d  o u t  b y  c o l l o c a t i o n  m e t h o d ,  i . e . ,  t o  t r u n c a t e  t h e  series o f  
eqs. (11) a.nd (17 )  and  to   impose  eqs .  (15) and (16) a t  a f i n i t e  number  of 
v a l u e  of cp's i n   t h e   a p p r o p r i a t e   i n t e r v a l s .  I n  t h i s  method, i t  i s  necessa ry  
t o   u n c o u p l e   t h e   s o l u t i o n s   f i r s t   a n d   t h e n   i m p o s e   e q s .  (15) and (16)  t o   t h e  
even  and  to  the  odd s o l u t i o n s  s e p a r a t e l y .  
When t h e  s o l u t i o n  o f  the  eigenvalue problem is  t o  b e  c a r r i e d  o u t  by 
F o u r i e r  a n a l y s i s ,  t h e  u n c o u p l i n g  of the  even  and odd s o l u t i o n s  w i l l  come 
a b o u t  a u t o m a t i c a l l y  as fo l lows  : 
Equat ion  (16) h o l d s  f o r  t h e  i n t e r v a l  -n < cp < IT, i t  w i l l  b e  m u l t i p l i e d  
by cos ncp and w i l l  b e  i n t e g r a t e d  o v e r  t h e  i n t e r v a l .  Equat ion (16) then  
becomes t h e  a l g e b r a i c  e q u a t i o n s  f o r  t h e  c o e f f i c i e n t s  o f  t he  even  t e rms ,  
where 
7 
and (' ) means t h e  f i rs t  d e r i v a t i v e  w i t h  r e s p e c t  t o  i t s  argument. 
S imi l a r ly   eq .   (15 ) ,   wh ich   ho lds   fo r   t he   i n t e rva l  l c p l  s - a / 2  = $12, 
w i l l  b e  m u l t i p l i e d  by  cos[2kn (cp"$/2)/@] o r  cos v cp w i t h  V = 2 b / @  a n d  
w i l l  b e  i n t e g r a t e d  o v e r  t h e  i n t e r v a l  - @ / 2  < cp .= 112. The r e s u l t  is  
k k 
Since   cos  ncp and  cos v cp are  even   func t ions   o f  V, eqs. (18) and  (20) k 
c o n t a i n  o n l y  t h e  c o e f f i c i e n t s  A and C .  a s s o c i a t e d  w i t h  t h e  e v e n  p a r t s  i n  
G and G- r e s p e c t i v e l y .   S i m i l a r l y   t h e   a l g e b r a i c   e q u a t i o n s   f o r   t h e   c o e f f i c i e n t s  
B and D .  a s s o c i a t e d   w i t h   t h e  odd p a r t s  are obtained  from  eqs.  (15)  and (16). 
Equat ion (16) w i l l  b e  m u l t i p l i e d  b y  s i n  n q  a n d  i n t e g r a t e d  o v e r  t h e  i n t e r v a l  
-n < cp < 7~ and  eq. (15) w i l l  be m u l t i p l i e d  b y  s i n  cp and  in t eg ra t ed  ove r  






j = 1 , 2 , .  . . 




Equations (18) and (20) define  the  eigenvalue problem for  the  even 
so lut ion,   whi le   eqs .  (21) and (22) for   the  odd so lu t ion .  The numerical 
method for  the  so lu t ion  of the problem w i l l  be  descr ibed  in  de ta i l  in  
the next  sect ion.  
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4 .  Numerical So lu t ions   o f   t he   E igenva lue   P rob lem 
To o b t a i n  t h e  n u m e r i c a l  s o l u t i o n s ,  t h e  i n f i n i t e  c o s i n e  series i n  
eq. (ll), t h e  e v e n  p a r t  o f  Gx, w i l l  b e  t r u n c a t e d  w i t h  t h e  maximum o f  m 
e q u a l   t o  Mc. S i m i l a r l y   t h e   c o s i n e  series i n  eq. (17), t h e   e v e n   p a r t   o f  
G w i l l  b e   t r u n c a t e d   w i t h   t h e  maximum of  j e q u a l   t o  J Likewise,  
and J w i l l  b e   t h e  maxima of  n a n d   k ,   r e s p e c t i v e l y ,  so t h a t   e q s .  (18) and 
(20) y i e l d  M + J + 2 l i n e a r  homogeneous e q u a t i o n s   f o r   t h e  M + J + 2 
+ 
- 
A' C' MC 
C 
C C C C 
c o n s t a n t s  A 5 , .  .. . % and Co, C1.. . . T h e s e   s o l u t i o n s  are n o n t r i v i a l  
0' cJ 
C C 
i f  A i s  a r o o t  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n ,  
where a = ~ - ~ + l ( p ~ )  [1+61il hhi f o r  h, i=l, 2. . . Mc+l , 
h i  X 
a h i  = <"j(-p0)  X Ij i  f o r   h = l ,  2 .  . . M c + l ,  
i = M  +2,. . . , . M  +J +2, and j = i - M  - 2  
C c c  C 
a = ( P o )  'ki 
- i+l 
h i  X f o r  h=M +2,.  . . ,Mc+Jc+2, c 
i=l, 2 , .  . . , Mc+l,  and k=h-M - 2  
C 
and 
f o r   h ,  i = M + 2 ,  . . . , M +J +2 ,  wi th  k=i-14 - 2. 
C c c  C 
Fo r   g iven   va lues   o f  M and JcJ t h e  r o o t s  o f  A (1 ) = 0 i n  a g iven  




of  1. When t h e   d e r i v a t i v e   o f  A 6) a t  a r o o t  i s  n o n - z e r o ,   t h e   c o e f f i c i e n t s  
C 
A,, C .  are p r o p o r t i o n a l  t o  t h e  c o f a c t o r s  o f  t h e  d e t e r m i n a n t ,  i. e., 
3 
f o r  M=O, 1 , 2 . .  . . , M 
C 
-1 ( 2 5 )  
C = N  
j %, Mc+l+j  f o r  j = O ,  1 , 2 . .  . , J C 
where Ahi i s  t h e   c o f a c t o r  of the   e lement  a o f   t h e   d e t e r m i n a n t   w i t h  1 = X . 
The c o n s t a n t  N is de f ined  by  the  no rma l i za t ion  cond i t ion ,  
* 
h i  
10 
LO 
0 -1 0 
The e q u a t i o n  f o r  N i s  
po m=O 
1 JC 
A numerical program is d e s c r i b e d  i n  t h e  a p p e n d i x  s o  t h a t  f o r  a given 
p a i r   o f  M and J t h e   d e t e r m i n a n t  A (X) can   be   eva lua ted  as a f u n c t i o n  
o f  X .  The s e a r c h  f o r  t h e  r o o t s  c a n  b e  r e s t r i c t e d  t o  X > -4 b e c a u s e  o f  t h e  
symne t ry   o f   t he   func t ion  P (p) abou t  ?, = -4, i . e . ,  PA (p) = P-x-l(p) .  
Fo r  the  g iven  r ange  o f  X ,  s ay  - %  I X < 3, t h e  e i g e n v a l u e s  f o r  t h e  e v e n  
s o l u t i o n s  are l o c a t e d  a n d  t h e  f i r s t  der ivat ive of  A (X) a t  e a c h  r o o t  LJc 
are computed. I n   t h e   e x a m p l e s   c o n s i d e r e d   i n   t h i s  p a p e r ,  t h e   d e r i v a t i v e  
does  no t  van i sh  a t  A g e ,  t he re fo re ,  t he  numer i ca l  p rog ram in  the  append ix  
carries o u t   t h e   d e t e r m i n a t i o n s   o f   t h e   c o e f f i c i e n t s  A and C i n  t h e  
e igen func t ions   by  means of   eqs .  (25) and (27).  
C C Y  C 




S i m i l a r l y   f o r   t h e  odd s o l u t i o n s ,   t h e  series in  eqs.   (11)  and (17) 
w i l l  b e  t r u n c a t e d  w i t h  t h e  maxima o f  m and j e q u a l  t o  M and Js r e s p e c t i v e l y .  
There w i l l  b e  Ms e q u a t i o n s   f o r  eq. (21) and M .  equa t ions   fo r   eq .  (22).  The 
r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  y i e l d  t h e  e i g e n v a l u e s  € o r  t h e  odd 
s o l u t i o n s .  The r a t i o s  of  t he   co fac to r s   and   t he   no rma l i za t ion   cond i t ion  of 





It shou ld  be  po in ted  ou t  he re  tha t  t he  conve rgence  o f  t he  e igenva lues  
and  e igenfunct ions  of  the  t runca ted  problem has  been  assumed and  the  
equiva lence   be tween  the   matching   condi t ions   o f   eqs .   (15)   and   (16)   and  
m a t c h i n g   o f   t h e   F o u r i e r   c o e f f i c i e n t s  is a l s o  assumed. Some c o n f i d e n c e   i n  
these  a s sumpt ions  w i l l  b e  o f f e r e d  b y  t h e  f o l l o w i n g  n u m e r i c a l  r e s u l t s .  
F o r  t h e  s p e c i a l  case o f  a two-dimensional corner, namely a = 1712, 
= n/2 i n  Fig. 2, the  e igenvalue  problem can  be  so lved  exac t ly  by  
choos ing   the   dge  of t h e   c o r n e r  as the   ax i s   (F ig .  3) .  I n   s p h e r i c a l  
c o o r d i n a t e s  0 and @, t h e  two s i d e s  are @ = 0 and cp = %/2. The e i g e n f u n c t i o n  
can  be  wri t ten as 
11 
- - 
where p = cos 8 and j = 0, 1 , 2 , .  . . . . . . . The e igenva lue  h i s  de f ined  by  the  
c o n d i t i o n  t h a t  €"2 j13 s h o u l d   b e   f i n i t e  a t  8 = o r  = -1. Ins t ead   o f   eq .  (13), 
a n   e q u i v a l e n t  express i o n   f o r  P (L) i s  [5]. A - V  A 
where v=2 j /3  and X=(1-;)/2 
The  power serie? r e p r e s e n t a t i o n  f o r  t h e  h y p e r g e o m e t r i c  f u n c t i o n  i s  
d i v e r g e n t  a t  X=l  o r  p = -1 u n l e s s  t h e  series h a s  o n l y  f i n i t e  number o f  
t e rms ,  s ay  k + 1 terms. The c o n d i t i o n   f o r  1 i s  
v-x+k = 0 o r  1. = k+2j  13 
j k  
For  j = 0 , 1 , 2 , 3 .  .. .. , t he  e igenva lues  are X = 0 , 1 , 2 , 3  ... .. , 
0 ,  k 
i1, = 213 ,  513, 813.. . . , X 2 , k  = 413,  713, .  . . . . , = 2 , 3  ,...., 
x ~ , ~  = 813,. . . 
* 
1 3 ,  k 
The n u m e r i c a l  p r o g r a m  i n  t h e  a p p e n d i x  d e v e l o p e d  f o r  a three-d imens iona l  
c o r n e r  w i l l  now b e  t e s t e d  by s e t t i n g  B = r(12 and cx = n / 2 .  The e igenva lues  
between -0.5 and 3 .0  f o r  t h e  e v e n  a n d  t h e  odd s o l u t i o n s  r e s p e c t i v e l y  a r e  
shown i n  T a b l e  I f o r  v a r i o u s  c o m b i n a t i o n s  o f  El M and Js. The numerical  
r e s u l t s  f o r  e a c h  c o m b i n a t i o n  y i e l d  t h e  same number  of  e igenvalues  in  the  
same i n t e r v a l  o f  X as the   exac t   so lu t ion .   Fo r   t he   combina t ion   o f  M =8, 
J =4, M =9, J =5, the  e igenvalues   given  by  the  numerical   program are i n  
the   ag reemen t   w i th   t he   co r re spond ing   exac t   va lues   w i th in  0.2%. This  i s  a 
c o n f i r m a t i o n  o f  t h e  p r o c e d u r e s  d e v e l o p e d  i n  t h i s  p a p e r  a.nd t h e  n u m e r i c a l  
program for  the eigenvalue problem. 
c '   Jc '  s 
C 
C S S 
A few  words  should now b e  s a i d  a b o u t  how to  p ick  the  numbers  M and J 
C +c 
( a l s o  M and J,), i . e . ,  how many terms i n  t h e  se r ies  r e p r e s e n t a t i o n s   o f  G 
and G- should  be  employed. 
S 
Since  the  e igenvalues  of  the  t runca ted  problem are  assumed to  conve rge  
as M and J i n c r e a s e  s i m u l t a n e o u s l y ,  t h e i r  limits should  be  independent  of  
t he  d i f f e rences  be tween  M and J where M and J s t a n d  f o r  M Jc, o r  M 
T h i s   f a c t  i s  a l so   conf i rmed  by  a l l  o f   ou r   numer i ca l   r e su l t s .   Neve r the l e s s ,  
i t  is  r e l e v a n t  t o  p o i n t  o u t  t h e  i m p l i c a t i o n s  o f  t h e  d i f f e r e n c e  b e t w e e n  M 
and J, i. e . ,  t he  d i f f e rence  be tween  the  number  of terms i n  t h e  series 
s o l u t i o n   f o r  G+ and that f o r  G-. The c o n d i t i o n s   o f  eqs. (15) and (16) c a l l  
C' s' Js' 
f o r  t h e  m a t c h i n g  of G+ and G- and of t h e i r  no rma l  de r iva t ives  G and G- + 
EL EL 
* Note t h a t  G ( 8 ,  r~.) = c o n s t a n t  i s  a n  e i g e n s o l u t i o n ,  t h e r e f o r e ,  A=O i s  a n  
e igenvalue  for  any  combina t ions  of  @ and CX. 
12 
a c r o s s  = po w i t h  lcpl < n-a a n d   t h e   v a n i s h i n g   o f  G a t  p = po w i t h  
n-a < I n. I n t u i t i v e l y ,   t h e  two ma tch ing   cond i t ions  would r e q u i r e  
t h e  same number  of terms i n  b o t h  series w h i l e  t h e  l a t t e r  cond i t ion  on  





The q n a l i t a t i v e  r e l a t i o n s h i p  b e t w e e n  M and J c a n  b e  e s t a b l i s h e d  
c l e a r l y  i f  eqs. (15) and (16) are f u l f i l l e d  b y  t h e  c o l l o c a t i o n  m e t h o d ,  
i . e . ,  eq. (15) and (16) w i l l  be   en fo rced  a t  t h e   g r i d   p o i n t s   u n i f o r m l y  
d i s t r i b u t e d  i n  t h e  intervals  f o r  cp. The g r i d  s i z e s  i n  t h e s e  i n t e r v a l s  
are 2(h-a)/J and  (2a/(M-J)  respectively.  The c o n d i t i o n   f o r   t h e s e  two 
g r i d  s i z e s  t o  b e  e q u a l  o r  a l m o s t  t h e  same i s  
m / M  (m-a)/J 
I t  means t h a t  f o r  g i v e n  J ,  t h e  i n t e g e r  M should  be  s o  c h o s e n  t h a t  t h e  
r a t i o  M / J  w i l l  b e  t h e  n e a r e s t  r a t i o n a l  number t o  l-r/(n-a). 
For   the special  c o r n e r   c o n s i d e r e d   i n   t h e   d i f f r a c t i o n   p r o b l e m ,  i t  i s  
t h e  c o r n e r  of a cube  with a = n / 4 ,  @ = n/2.  Some o f  t he  e igenva lues  can  
be  found by i n s p e c t i o n ,   n a m e l y ,   a l l   t h e   e v e n   i n t e g e r s .  The f i r s t  few 
exac t  e igenso lu t ions  a re  g rouped  a s  even  and  odd s o l u t i o n s  o f  cp and 
l i s t e d   i n   T a b l e  11. I n   t h e   t r u n c a t i o n   o f   t h e  s e r i e s  f o r  G+ and G- ,  i t  i s ,  
d e s i r a b l e  t h a t  t h e s e  e x a c t  e i g e n s o l u t i o n s  w i t h  A. I: M should be reproduced. 
This  i m p l i e s  t h a t  t h e  f a c t o r  o f  q? i n  t h e  l a s t  term o f  the  t runca ted  se r ies  
of  G+ s h o u l d   b e   e q u a l   t o   o r   b e   t h e   n e a r e s t   o n e   t o   t h a t   o f  G-.  For   the  
e v e n   s o l u t i o n s ,   t h e   c o n d i t i o n  is  
and f o r  t h e  odd s o l u t i o n  i t  i s  
Condition  (32a) i s  i d e n t i c a l   t o   e q .  (31) from  col locat ion  method  while  
condi t ion   (32b)  w i l l  b e   e q u i v a l e n t   t o   ( 3 1 )   i f   t h e   g r i d   p o i n t s   i n   t h e  
co l loca t ion  method are s h i f t e d  by a h a l f  of t h e  g r i d  s i z e .  
L i s t e d  i n  T a b l e  I are  t h e  n u m e r i c a l  r e s u l t s  f o r  t h e  e i g e n v a l u e s  c o r r e -  
sponding   to   var ious   Combina t ions  of M , J and Ms, J . It i s  c lear  t h a t  
f o r  t h e  same t o t a l  number of terms M + J, the  combina t ion  of  M and J which 
f u l f i l l  e q s .  (32a  and  b) are i n  b e t t e r  a g r e e m e n t  w i t h  t h e  e x a c t  s o l u t i o n  
than  those  wi th  M equal  to J. 
c c  S 
With t h e  r e l a t i o n s h i p  b e t w e e n  M and J e s t a b l i s h e d ,  t h e  n e x t  s t e p  i s  
t o   c h o o s e   t h e   i n t e g e r  J f o r   t h e   t r u n c a t i o n  o f  t h e  series. To g ive  a 
measure o f  t he   accu racy   o f   t he   i genva lue  1 and  the   cor responding  




1, and I2 measure   the   convergence   o f   the   e igenvalues   and   the   e igenfunct ions  
as t h e  number  of  the term i n c r e a s e s .  & and I., measure   the   degree  of ac- 
curacy  of  the  approximat ions  to  the  matching  condi t ions  and  the  boundary  con-  
d i t i o n  a t  p, = p, i . e . ,   e q s .  (15) and (16). 
0 )  
It s h o u l d  b e  p o i n t e d  o u t  h e r e  t h a t  a l t h o u g h  t h e  e i g e n f u n c t i o n s  are 
con t inuous ,  i t s  d e r i v a t i v e s  may n o t   e x i s t   a l o n g   t h e   e d g e s .  The s i n g u l a r i t y  
a l o n g  t h e  e d g e  8 = rr i s  b u i l t  i n  by t h e  r e p r e s e n t a t i o n  f o r  G- (p,,cp). The 
s i n g u l a r i t y  a l o n g  t h e  e d g e s ,  8 = p and cp = n-a o r  cp = -n+a, can  be  a sce r t a ined  
by i n v e s t i g a t i n g  t h e  b e h a v i o r  o f  t h e  s o l u t i o n s  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  
f o r  G ( ~ , c p ) ,  eq.- (7).  In   the   ne ighborhood o f  an   edge ,  i. e. , IT! << 1 and 
e qua t   i on  
<< 1 w i t h  p, = t ~ ,  - p J  @=n-a-cp eq. (7)  can be approximated by the Laplace 
0 
i n  t h e  f i r s t  t h r e e  q u a d r a n t s  o f  t h e  - $ p lane   sub jec t ed   t o   t he   boundary  
c o n d i t i o n  t h a t  t h e  n o r m a l  d e r i v a t i v e  o f  G s h o u l d  v a n i s h  a l o n g  t h e  p o s i t i v e  
p,-axis   and  a long  the  negat ive  @-axis .  The p o t e n t i a l  s o l u t i o n  G n e a r  t h e  
o r i g i n  p, = cl, = 0 should  behave as t h e  real p a r t   o f  [T(l-p,:) + icn] [ 6 ] .  
The same resu l t  can  be  ob ta ined  by  obse rv ing  the  th ree -d imens iona l  co rne r  
d i r e c t l y :  t h e  s u r f a c e s  of cp = rr-a and 0 = /3 i n t e r s e c t  a t  r i g h t  a n g l e  a n d  i n  
the  neighborhood  of  the  edge away f r o m  t h e  v e r t e x ,  t h e  s o l u t i o n  b e h a v e s  as 
t h a t  of a two-dimensional  convex r ight  corner .  
N 
" -1 - 213 
A l o n g   t h e   i n t e r f a c e   o f  G+ and G- ,  i. e. , p, = and > 0, the  normal 
d e r i v a t i v e  of  G behaves as t h e  real p a r t  of  @i) i. e . ,  -1/3 
14 
G i s  s i n g u l a r  n e a r  t h e  e d g e  b u t  i t s  p r o d u c t  w i t h  c o s i n e  o r  s ine  f u n c t i o n s  
of  ep is i n t e g r a b l e   a n d  i t se l f  are square   in tegrable .   Therefore ,   eqs .  (18) 
and (21) are meaningful  and  the  norm 4 exists. 
P 
Table 111 shows the  e igenvalues  be tween -1 /2  and  3 f o r  t h e  c o r n e r  o f  
a cube, i. e. , 2 a  = n / 2  a n d  8 = n/2. The series r e p r e s e n t a t i o n s  are 
t r u n c a t e d  w i t h  Mc = 8 and Jc = 6 f o r  t h e  e v e n  s o l u t i o n s  a n d  w i t h  M = 10 
and Js = 8 f o r  th.e  odd s o l u t i o n s .   T h e   c o e f f i c i e n t s  i n  t h e  series rep re -  
s e n t a t i o n s   o f   t h e   e i g e n f u n c t i o n s  are a l s o   l i s t e d .  The norms, % and &, 
are computed f o r  e a c h  e i g e n v a l u e .  It i s  f o u n d  t h a t  a l l  t h e  5 ' s  are- less  
t h a n  1% and a l l  t h e  h ' s  are less t h a n  10%. The  matching  of  the  normal 
d e r i v a t i v e   o f  G and G- as measured  by is  less s a t i s f a c t o r y  as ex- 
p e c t e d  d u e  t o  t h e  s i n g u l a r i t y  a t  t h e  e d g e  a n d  d u e  t o  t h e  f a c t  t h a t  t h e  
e x a c t   v a l u e   o f  aG/ap, i . e .  ze ro ,   has   been   u sed   i n   t he   denomina to r   fo r  4 
i n   t h e  in te rva l  p f 2  < cp < IT. 
S 
f 
Calcula t ions   have   been   per formed  for   var ious   va lues   o f  J and Js. It 
C 
i s  found  tha t  when J = 6 and J2c = 9 a n d   a l s o  J = 8 and J2s = 11, a l l  
t h e  I, I s  and & 's cosresponding  to  the  e igenvalues  be tween -112  and  3 are 
less  than  .lX 
I C  Is 
F o r   t h e   c i r c u l a r   c o n e ,   t h e   e i g e n f u n c t i o n s  are P-n(p)  exp (incp). The 
e igenva lues  x I s  are de f ined  by  the  cond i t ion  of  dP-n(p)/dp=O a t  p=-cos@. 
For  e a c h  i n t e g e r  n z 1, t h e  e i g e n v a l u e  X has a m u l t i p l i c i t y  o f  2 and  only 
f o r  n = 0 t h e  e i g e n v a l u e  x has a m u l t i p l i c i t y  o f  u n i t y .  
x 
x 
Table  I V  shows cha t   t he   e igenva lues   fo r   t he   t h ree -d imens iona l   co rne r  
can be approximated by those  o f  a c i r c u l a r  c o n e  w i t h  t h e  same s o l i d  a n g l e .  
It a l so  shows t h a t  when a n  e i g e n v a l u e  f o r  t h e  c i r c u l a r  c o n e  h a s  a m u l t i -  
p l i c i t y  o f  two, i . e .  ~ f o r  m l ,  the   co r re spond ing   va lues   a r e   found   fo r   t he  
corner  with even and odd e igensoluc ions  and  when t h e  m u l t i p l i c i t y  is  u n i t y ,  
i. e . ,  n=O, t h e  c o r r e s p o n d i n g  v a l u e  f o r  t h e  c o r n e r  h a s  o n l y  a n  e v e n  e i g e n -  
s o l u t i o n .  It. s h o u l d   b e   n o t e d   t h a t  when a c o r n s r   d e g e n e r a t e s   t o  a p lane ,  
i t  i s  t h e n  i d e n t i c a l  w i t h  t h e  e q u i v a l e n t  c i r c u l a r  c o n e  o f  s o l i d  a n g l e  2n. 
The r e s u l t s  i n  T a b l e  I V  n o t  o n l y  s e r v e s  as a i n d i r e c t  c o n f i r m a t i o n  
o f  t h e  n u m e r i c a l  p r o g r a m  b u t  a l s o  s u g g e s t s  t h e  u s e  o f  a n  e q u i v a l e n t  
c i r c u l a r  c o n e  f o r  a qu ick  approx ima te  de t e rmina t ion  o f  t h e  e i g e n v a l u e s  
o f  a three-d imens iona l  corner .  
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5. Cons t ruc t ion   o f   t he   Con ica l   So lu t ion  
I n  2 t h e  g e n e r a l  f o r m u l a t i o n  of the  conica l  problem,  the  method of  
s e p a r a t i o n   o f   v a r i a b l e s  was in t roduced .  The d i s t u r b a n c e   p r e s s u r e   p ( c , 8 , v )  
c a n  b e  w r i t t e n  as 
The e igenva lues  1 ' s  and  the  e igen func t ion  G are d e t e r m i n e d  i n  4. x 
The f u n c t i o n  Z (17) is a s o l u t i o n  o f  t h e  d i f f e r e n t i a l  eq. ( 6 ) ,  i. e., x 
c2 (1-5" Z" (5 + 2 (If2 5 z I (c - x (h+l) z (c = 0 (35 
The boundary   condi t ions  are Z (0) < m and 2 (1) = 1. The c o n d i t i o n  on 
t h e  u n i t  s p h e r e  [=1 permits t h e  d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s  
t he   boundary   da t a   on   t he   un i t   sphe re ,   eq .  ( 5 ) ,  a n d   t h e   e i g e n f u n c t i o n  G (p,cp) 






The f a c t o r  1 / 2  i s  d u e   t o   t h e   n o r m a l i z a t i o n   c o n d i t i o n  o f  eq.  (12b) f o r  
G i n  w h i c h  t h e  i n t e g r a t i o n  w i t h  r e s p e c t  t o  cp is  c a r r i e d  o v e r  o n l y  h a l f  
t h e   i n t e r v a l .   I n   t h e   n u m e r i c a l   d e t e r m i n a t i o n  of  t h e   d o u b l e   i n t e g r a l  
can be reduced to  a l i n e  i n t e g r a l  b y  s p l i t t i n g  t h e  b o u n d a r y  d a t a  t o  e v e n  
and  odd  so lu t ions  and  then  t o  a cosine and a s i n e  se r ies  i n  cp r e s p e c t i v e l y .  







Corresponding   to   the   even   boundary   da ta ,   eq .  (37) h o l d s  f o r  a l l  t h e  
e igenva lues  o f  t he  even  so lu t ions  and  Am and C ,  are t h e  c o e f f i c i e n t s  
defined  by eq.  (25) f o r   e a c h 1. J 
S i m i l a r l y  t h e  c o e f f i c i e n t s  5 f o r  odd e i g e n s o l u t i o n s  are ob ta ined  as 
fo l lows  : 
where 
F o r  t h e  d e t e r m i n a t i o n  o f  t h e  p r e s s u r e  d i s t r i b u t i o n  i n s i d e  t h e  u n i t  
sphe re ,  it is n e c e s s a r y  t o  c o n s t r u c t  t h e  s o l u t i o n  Z ( c )  o f  t h e  d i f f e r -  
e n t i a 1  eq. ( 3 5 ) ,  sub jec t ed   t o   t he   boundary   cond i t ions  a t  [=O and 5=1. The 
s o l u t i o n  i s  ob ta ined   numer i ca l ly   by   t he   " shoo t ing  method".  For 5 t o  be 
f i n i t e  a t  5=0 t h e  s o l u t i o n  c a n  b e  r e p r e s e n t e d  b y  t h e  power series, 
x 
By s e t t i n g  a =1, t h e . d i f f e r e n t i a 1  e q u a t i o n  c a n  b e  i n t e g r a t e d  n u m e r i c a l l y  
0 
from a small 5 ,  (say 0.001) w i t h  i n i t i a l  d a t a  'z (5 )=c ~1+1 (X+l)c:/ (41+6)]  
and yi([o) = Act-' [l+(h+l)(h+2) 5:/(41,+6)]; 
T h e  n u m e r i c a l  i n t e g r a t i o n  f o r  2 (5) i s  c o n t i n u e d  u n t i l  5 is  c l o s e  t o  1 
(say  0.99). The v a l u e  o f  2 (1) is  obta ined   by   pa tch ing   the   numer ica l  
s o l u t i o n  w i t h  t h e  series s o l u t i o n  of 5-1, i. e., 
Ar 
x 0  0 
A 
x 
The a p p r o p r i a t e   v a l u e   f o r  a o r  l i m  Zc-' is  l/"x (1). The numerical  program 
O 5-0 
i n   t he   append ix   computes  a a u t o h t i c a l l y  a n d  g e n e r a t e s  t h e  f u n c t i o n  Z ( c ) .  
Thus f o r  a g iven   boundary   da ta  F (p ,~p)  o n  t h e  u n i t  s p h e r e ,  t h e  c o n i c a l  
s o l u t i o n   o f  eq. (3) i s  de f ined .  
0 h 
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6. A Numerical Example 
F i g u r e  4 shows t h e  i n c i d e n c e  o f  a p l a n e  p u l s e  n o r m a l  t o  a f a c e  s a y  
OAD o f  t h e  c o r n e r  o f  a cube. I n  o r d e r  t o  d e m o n s t r a t e  t h e  u s e  o f  b o t h  t h e  
even  and  the  odd e i g e n s o l u t i o n s ,  o n e  o f  t h e  two e d g e s  p a r a l l e l  t o  t h e  p l a n e  
p u l s e  is chosen as t h e   n e g a t i v e   z - a x i s  as shown i n  t h e  f i g u r e .  After t h e  
inc idence ,  t > 0, p a r t  o f  t h e  p l a n e  p u l s e  i s  r e f l e c t e d  b y  t h e  face OAD o f  
t h e   c u b e   w i t h   d o u b l e   t h e   i n t e n s i t y .  The remaining par t  advancing   over  
t h e  c o r n e r  i s  und i s tu rbed .  The d i f f r a c t i o n  b y  e i t h e r  o n e  o f  t h e  e d g e s  OA 
and OD, i s  g iven   by  a two d imens iona l   con ica l   so lu t ion .  It i s  c o n f i n e d   i n  
a c i r c u l a r  c y l i n d r i c a l  s u r f a c e  w i t h  r a d i u s  C t  and  the  edge  as t h e  axis 
provided  i t  is  o u t s i d e  t h e  domain  of  in f luence  of  the  vertex. 
F igu re  5 shows t h e  i n c i d e n t  p l a n e  p u l s e ,  t h e  r e f l e c t e d  p u l s e  a n d  t h e  
s o n i c  c i rc le  i n  a c r o s s - s e c t i o n  n o r m a l  t o  t h e  e d g e  OA a t  a d i s t a n c e  g r e a t e r  
t han  C t  f rom  the   ver tex .   In   t e rms   of   po lar   coord ina tes  p and T ,  t h e  
boundary  condi t ion  on  the  sonic  c i r c l e  p = C t  f o r  t h e  p r e s s u r e  v a r i a t i o n  
f r o m  t h a t  b e h i n d  t h e  i n c i d e n t  p u l s e  i s  
PC = 1 
The s t r e n g t h  of  t h e   i n c i d e n t   p u l s e  i s  chosen as un i ty .   Fo r   t he  two- 
d i m e n s i o n a l   c o n i c a l   s o l u t i o n ,   t h e  Busemann con ica l   t r ans fo rma t ion  i s  
in t roduced  [ 21, 
p = p / {1+[1-p2 ]'} , = ( C t )  and 7 = 7 * -  * 
I n  t h e  new v a r i a b l e s ,  t h e  d i s t u r b a n c e  p r e s s u r e  becomes a p o t e n t i a l  s o l u t i o n  
a n d  t h e  r e g i o n  i n s i d e  t h e  c i r c l e  pj: < 1 w i t h  0 < TJ; < 3n/2 i s  mapped t o  a - ~~ 
- N  
h a l f  c i r c l e  w i t h  'i; ex.p (iy) = [pj'exp ( i ~ " ) ] ~ ' ~ .  The s o l u t i o n  i n  terms of  
P J T  is L 2 ]  
(1-z2) 312 
p,(p,T) = a r c t a n  
(1+7)/2+2: cos 7 
where   t he   a r c t angen t  l i e s  i n   t h e   f i r s t   a n d   t h e   s e c o n d   q u a d r a n t s .  The 
c i r c u l a r  c y l i n d e r  w i t h  a x i s  OA and  rad ius  C t  in te rsec ts  t h e  s o n i c  s p h e r e  
a b o u t  t h e  v e r t e x  a l o n g  a g r e a t e r  c i r c l e  and  cove r s  t he  sphe r i ca l  su r f ace  
o n  t h e  r i g h t  s i d e  o f  p l a n e  OBD. S i m i l a r l y ,   t h e   d i f f r a c t i o n   b y   t h e   o t h e r  
edge, OD, c r ea t ed -   ano the r   two-d imens iona l   con ica l   so lu t ion   g iven  by eq. (42 )  
w i t h  p t h e  d i s t a n c e  f r o m  t h e  e d g e  OD and T the  angle  measured from face OBD. 
A g a i n ,  t h e  c i r c u l a r  c y l i n d e r  w i t h  a x i s  OD and  r ad ius  C t  i n t e r s e c t s  t h e  
s o n i c  s p h e r e  a b o u t  t h e  v e r t e x  a l o n g  a n o t h e r  g r e a t  c i r c l e  and  cove r s  t he  
p a r t  o f  t h e  s p h e r i c a l  s u r f a c e  b e l o w  p l m e  OAB, i. e . ,  p < 0. 
The s u r f a c e  o f  t h e  s o n i c  s p h e r e  c a n  b e  d i v i d e d  i n t o  f o u r  r e g i o n s :  
1) n o t  c o v e r e d  b y  e i t h e r  o n e  o f  t h e s e  c i r c u l a r  c y l i n d e r s  
2 )  c o v e r e d   o n l y   b y   t h e   c y l i n d e r   w i t h   a x i s  OA 
3)  c o v e r e d  o n l y  b y  t h e  c y l i n d e r  w i t h  a x i s  OD and 
4 )  cove red   by   bo th   cy l inde r s .  
With the plane cp=O def ined  as t h e  p l a n e  b i s e c t i n g  t h e  e x t e r i o r  a n g l e  
o f  t h e  two ver t ical  s u r f a c e  OAD and OBD, t he   fou r   r eg ions   and   t he   boundary  
d a t a  are d e f i n e d  as 
With  the  boundary  data  F(p,cp) d e f i n e d  by  e q .  ( 4 3 )  t h e  c o e f f i c i e n t s  5 i n  eq.  (34) f o r  t h e  p r e s s u r e  v a r i a t i o n s  i n s i d e  t h e  s o n i c  c i r c l e  are com- 
p u t e d   f o r  a l l  the   e igenvalues   be tween - %  and 3. The p r e s s u r e  d i s t r i b u t i o n  
o n   t h e   t h r e e  faces o f   t h e   c o r n e r  are  shown i n   F i g s .  6 & 7. The p r e s s u r e  
d i s t r i b u t i o n s  f o r  r/(Ct) < 1 are o b t a i n e d   f r o m   t h e   p r e s e n t   a n a l y s i s .  They 
match with the corresponding two-dimensional  values  across  the sonic  sphere 
w i t h  a d i s c o n t i n u i t y  i n  s l o p e .  They conf i rm,   wi th  less t h a n  1% v a r i a t i o n )  
t h e  s y m m e t r y  o f  t h e  s o l u t i o n  w i t h  r e s p e c t  t o  t h e  p l a n e  b i s e c t i n g  t h e  f a c e s  
OAB and OAD and  the  va lue  o f  817 a t  t h e  v e r t e x  as p r e d i c t e d  by  Theorem I 
i n  2. When t h e   c a l c u l a t i o n  is  per formed  wi th   on ly   e igenvalues  l ess  o r  
e q u a l  t o  2 ,  t h e  r e s u l t s  d i f f e r  f r o m  t h o s e  i n  F i g s .  6 ,  7 w i t h i n  6%. 
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7. Gene ra l   Inc iden t  Wave 
T h e  p r e c e d i n g  c o n c i a l  s o l u t i o n s  f o r  a n  i n c i d e n t  p l a n e  p u l s e  c a n  b e  
employed t o  c o n s t r u c t  d i f f r a c t i o n  s o l u t i o n s  f o r  a n  i n c i d e n t  wave of more 
g e n e r a l   t y p e   b y   s u p e r p o s i t i o n   o f   p l a n e   p u l s e s .   I n   p a r t i c u l a r ,  when t h e  
i n c i d e n t  wave i s  a p l a n e  wave o f  t h e  t y p e  
w i t h  n = Ct - ( q  x+n,y+% z )  (45 1 
where the wave form 1 1 ,  i s  a n  a r b i t r a r y  f u n c t i o n  o f  i t s  phase q and nl ,n, 
and 5 are t h e  d i r e c t i o n  c o s i n e s  o f  t h e  n o r m a l  t o  t h e  p l a n e  wave. 
The i n c i d e n t  wave d u e  t o  t h e  s o n i c  boom c a n  b e  l o c a l l y  r e p r e s e n t e d  
as a p l ane  wave s i n c e  t h e  l e n g t h  o f  a s t r u c t u r e  i s  u s u a l l y  much smaller 
t h a n   t h e   r a d i u s   o f   c u r v a t u r e   o f   t h e  wave f r o n t .  The  wave form $ i s  i n  
g e n e r a l  a sequence of a weak shock wave and an  expans ive  wave o r  a com- 
p r e s s i o n  wave as shown i n  Fig. 8. 
I f  t h e  wave form i s  a H e a v i s i d e  f u n c t i o n ,  t h e  d i f f r a c t i o n  d u e  t o  t h e  
th ree -d imens iona l  co rne r  i s  g iven  by t h e  p r e c e d i n g  c o n i c a l  s o l u t i o n  a n d  
w i l l  be   des igna ted  as p + ( r / ( C t ) , € l , v ) .  The s o l u t i o n   o f   t h e   d i f f r a c t e d  
wave c o r r e s p o n d i n g  t o  a gene ra l  wave  form  of a s o n i c  boom i s  
where n i s  the   phase   o f   t he   i - t h   shock  wave w i t h  s t r e n g t h  i 
- dl (qi-0).  Note t h a t  q i n c r e a s e s   i n   t h e   d i r e c t i o n   o p p o s i t e   t o  t h e  normal 
o f  t he  p l ane  wave. 
Ano the r  me thod  fo r  t he  cons t ruc t ion  o f  noncon ica l  d i f f r ac t ion  so- 
l u t i o n s   s h o u l d   b e   p o i n t e d   o u t   h e r e .  When the   boundary   da t a   on   t he   son ic  
s p h e r e  c = r / ( C t ) = l  a r o u n d  t h e  v e r t e x  o f  a three-dimensional  corner ,  which 
i s  now a f u n c t i o n  o f  t i n  a d d i t i o n  t o  t h e  s p h e r i c a l  a n g l e s  8 and v ,  can 
b e  w r i t t e n  as a power series w i t h  respect t o  t ,  i. e . ,  
F ( t , 8  ,cp) = C t' F (0,cp) f o r  t > 0 
V Y 
(47) 
where  the  summation i s  c a r r i e d  o v e r  a sequence of  posi t ive numbers ,  y 2 0. 
The s o l u t i o n  i n s i d e  t h e  s o n i c  s p h e r e  c a n  l i k e w i s e  b e  w r i t t e n  as 
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. .. . 
p(v)  i s  s u b j e c t e d  t o  t h e  b o u n d a r y  c o n d i t i o n  on t h e  s p h e r e  c=1, 
and  the  boundary  condi t ions  on  the  sur faces  of  the  corner  remain  the  same 
as eqs. ( 3 , 4 ) .  
S i n c e  t h e  d i f f e r e n t i a l  o p e r a t o r s  w i t h  respect t o  0 and cp are independent  
o f  Y, the  cor responding  e igenvalue  problem in  8-cp p l a n e  a f t e r  t h e  s e p a r a t i o n  
o f  t h e  v a r i a b l e  5 is  the  same as t h a t  f o r  V=O,  i. e . ,  the  conica l  problem.  
The s o l u t i o n  p ( y )  c a n  t h e r e f o r e  b e  w r i t t e n  as ,  
where p = cos 8 .  The e igenva lues  A's a n d   t h e   e i g e n f u n c t i o n s  G (p,cp) are  
i d e n t i c a l   w i t h   t h o s e   o b t a i n e d   f o r  y = 0 i n  ,2,&. LJith the  boundary  con- 
d i t i o n  Z(V'(1) = 0 imposed  on .Z(y) ,  t h e  c o n s t a n t s  (VI are  a l s o  r e l a t e d  
t o   t h e   b o u n d a r y   d a t a  F (p,8) by t h e  same se t  of   equa t ions ,   eqs .  (37) and 
( 3 8 ) ,  and  can  be  determined  by  the same numer ica l   p rogram  for  y = 0. The 
appearance  of  y o c c u r s  o n l y  i n  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  Z(y)(c) ,  
which i s  x 
A 
A x 5, 
v 
5" (1-5") - + 2 [ l + (y -1 )  523 - [ y ( y - 1 )  5" + x (x+1)] z = 0 d" Z 
dC2  dS 
(51 
The boundary  condi t ions are t h e  same, i. e . ,  Z ( 1 )  = 1 and Z(0) is  f i n i t e .  
Z'y' ( C )  can be determined by the same p r o c e d u r e  d e s c r i b e d  i n  5 f o r  Z(O) (5). x x 
Now i t  i s  clear t h a t  t h e  e x t e n s i o n  o f  t h e  p r o c e e d i n g  c o n i c a l  so- 
l u t i o n s  t o  t h e  d i f f r a c t i o n  o f  a g e n e r a l  i n c i d e n t  wave by a t h r e e -  
d imens iona l  co rne r  can  be  ca r r i ed  ou t  p rov ided  tha t  t he  boundary  da ta  
F( t ,B ,cp)   on   the   sonic   sphere   can   be   found.   This   sugges ts   tha t   the   next  
s t e p  is  t o  s o l v e  t h e  d i f f r a c t i o n  p r o b l e m  o f  a three-d imens iona l  wave  by 
a two-dimensional  corner.  
For a two d imens iona l  co rne r ,  t he  th ree  d imens iona l  d i f f r ac t ed  waves 
can  be  cons t ruc t ed  by s u p e r p o s i t i o n  o f  s o l u t i o n s  f o r  i n c i d e n t  p l a n e  waves 
w i t h  d i f f e r e n t  wave fo rms  and  d i r ec t ions  o f  i nc idence  o r  by the method of  
s e p a r a t i o n   o f   v a r i a b l e s   i n   c y l i n d r i c a l   c o o r d i n a t e s   a n d  t i m e .  These  schemes 
i n   g e n e r a l  are t e d i o u s   f o r   t h e   a c t u a l   c o n s t r u c t i o n   o f   t h e   s o l u t i o n .  By 
mak ing  use  o f  t he  spec ia l  geomet ry  o f  t he  90" c o n v e x  c o r n e r ,  a n  i n t e g r a l  
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equa t ion  can  be  set  up and  so lved  by  an  i t e r a t ion  scheme  similar t o  
t h e   p r o c e d u r e   f o r  a two d imens iona l   i nc iden t  wave [3]. This  method  of 
approach  i s  p r e s e n t l y  u n d e r  i n v e s t i g a t i o n .  
I n  t h e  n e x t  s e c t i o n ,  two theorems are p resen ted  so  t h a t  t h e  v a l u e  
a long  the  edge  o r  t h e  v e r t e x  o f  a c o r n e r  c a n  b e  r e l a t e d  d i r e c t l y  t o  a n  
i n c i d e n t  wave w i t h o u t  t h e  c m s t r u c t i o n  of t h e  d i f f r a c t i o n  s o l u t i o n .  
The i n c i d e n t  wave can  be  comple t e ly  a rb i t r a ry  and  hence  can  a l so  be  a 
d i f f r a c t e d  wave f rom an  ad jacen t  co rne r .  
8. "Mean-Value"  Theorems f o r   D i f f r a c t i o n  by a 
Conica l  Sur face  and  Appl ica t ions  
I n  a p rev ious  a r t ic le  [7], a mean v a l u e  t h e o r e m  f o r  t h e  d i f f r a c t i o n  
o f  a n  i n c i d e n t  wave by a cone was de r ived .  It  states t h a t  t h e  v a l u e  a t  
t h e  v e r t e x  o f  t h e  c o n e  is  e q u a l  t o  4rr/(4n-R) times t h e  v a l u e  o f  t h e  
i n c i d e n t  wave a t  t h e  vertex as i f  t h e  v a l u e  is  a v e r a g e d  l o c a l l y  o v e r  
t h e  e x t e r i o r  s o l i d  a n g l e  o f  t h e  c o n e ,  4n-R ins t ead  o f  ove r  t he  who le  
space, 4 ~ .  T h i s   r e l a t i o n s h i p  was o b t a i n e d   u n d e r   t h e   r e s t r i c t i o n   t h a t  
t h e  i n c i d e n t  wave d o e s  n o t  h i t  a n y  p o r t i o n  o f  t h e  c o n i c a l  s u r f a c e  p r i o r  
t o  i t s  e n c o u n t e r   w i t h   t h e   v e r t e x   o f   t h e   c o n e .   I n   t h i s   s e c t i o n ,   t h e  
d e r i v a t i o n  o f  t h e  t h e o r e m  i s  p a r t i a l l y  r e p e a t e d  w i t h  m o d i f i c a t i o n s  so  
t h a t  t h e  t h e o r e m  is v a l i d  u n d e r  a w e a k e r  r e s t r i c t i o n ,  t h a t  i s ,  t h e  
i n c i d e n t  wave may h i t  t h e  c o n i c a l  s u r f a c e  w i t h i n  a f i n i t e  t i m e  i n t e r v a l  T 
ahead  of  the  epoch  of  i t s  inc idence  on  the  ve r t ex .  , I n  case such  a f i n i t e  
t i m e  i n t e r v a l  T cannot   be  found,  a second  theorem i s  in t roduced .  Ex- 
t e n s i o n  o f  t h e  r e s u l t s  t o  s o l u t i o n s  o f  inhomogeneous wave equa t ions  is 
a l s o  p r e s e n t e d  i n  t h i s  s e c t i o n .  
L e t  t = O  b e  t h e  i n s t a n t  when a n  a c o u s t i c  i n c i d e n t  wave cp(i) h i t s  
t h e   v e r t e x   o f   t h e   c o n e   l o c a t e d  a t  t h e  o r i g i n .  Let T b e  t h e  f i n i t e  time 
i n t e r v a l  s u c h  t h a t  f o r  t I - T  t h e  i n c i d e n t  w a v e  d o e s  n o t  h i t  t h e  c o n i c a l  
s u r f a c e .  Let  D ( t )  denote   the   domain   ou ts ide   o f   which   the   inc ident  wave 
v a n i s h e s  a t  t h e  i n s t a n t  t ,  e . g .  , q ~ ( ~ ) ( x , y , z , - T ) = O  f o r  ( x , y , z )  n o t  i n  D(-T). 
Domain D(=-T)  does  not i n t e r s e c t  t h e  c o n e  G w i t h  s o l i d  a n g l e  R ,  as shown 
i n  Fig. 9; I n   t h e   a b s e n c e   o f   t h e   c o n e ,   t h e   i n c i d e n t  wave cp(i) a t  t h e  
o r i g i n  c a n  b e  r e l a t e d  t o  t h e  i n i t i a l  d a t a  a t  a n  i n s t a n t  t=t <-T by  the  
Poisson Formula [SI ,  0 
S s 
where r i s  d i s t a n c e  f r o m  t h e  o r i g i n ,  
and S is t h e  s p h e r e  w i t h  r a d i u s  R=C (t+t ) > C(t+T) and  with i t s  c e n t e r  
a t  t h e  o r i g i n .  The Po i s son   fo rmula   can   be   i den t i f i ed  as a special form 
o f  the  Ki rchhof f ' s  fo rmula  [ 81, 
0 
S 
where a/& means d i f f e r e n t i a t i o n  a l o n g  t h e  o u t w a r d  n o r m a l  t o  t h e  s u r f a c e  S 
and rcp] is t h e   r e t a r d e d   v a l u e   o f  cp. On t h e   s p h e r e  S w i t h  R=a(t+t ), i t  
fo l lows  rcp(i) (x, y, z, t)] = cp (x, y, z,- to). S i m i l a r l y ,  t h e  r e t a r d e d  v a l u e s  o f  ( i  1 0 
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o u t s i d e   t h e  domain D ( - t  ). L e t  S deno te   t he  p a r t  o f   t h e   s p h e r e   o u t s i d e  
of  the  cone  G, and S" deno te  the  p a r t  i n s i d e  t h e  domain D(- to). S ince  
D( - to )   w i th  -to < - T  d o e s   n o t   i n t e r s e c t  G, S con ta ins  S*. The in t eg rand  
is  non-ze ro   on ly   i n s ide  S t h e r e f o r e ,   t h e  domain o f   t h e   s u r f a c e   i n t e g r a t i o n  
can be reduced from S t o  S' o r  t o  Sc. 




To o b t a i n  t h e  r e s u l t a n t  wave cp a t  t h e  v e r t e x  o f  t h e  c o n e ,  t h e  p a s s a g e s  
i n  t h e  d e r i v a t i o n  o f  t h e  K i r c h h o f f  f o r m u l a  [ 7 , 9 - J  f rom the Green 's  theorem 
w i l l  be   repea ted .  The Green's  theorem i s  now a p p l i e d  t o  t h e  volume  bounded 
by t h e  two c o n c e n t r i c  s p h e r e s  S" and S w i t h  r a d i i  r = R  and r- r e s p e c t i v e l y  
and  the  con ica l  su r f ace  a G  y i e l d s  (5 
where aG*  i s  t h e  p a r t  of a G  ly ing  be tween SJc and S 
0.  
On t h e   s u r f a c e   o f   t h e   c o n e  a G ,  ar/an=O.  With  the  boundary  condition 
of  acp/an=O, t h e  i n t e g r a l  o v e r  aG" vanishes .  
As 0 -, 0, t h e  i n t e g r a l  o v e r  S approaches - (4n-a) cp(o, o ,o ,  t ) .  
Equat ion (53) r e d u c e s   t o  0 
On t h e  s p h e r i c a l  s u r f a c e  SJc, [cp] = cp(x,y, 2 , - t o )  = cp ' i ) (x ,y ,  z , - to )  = [cp ( i ) ,  
and similar r e l a t i o n s h i p   h o l d s   f o r   t h e  t- and n- d e r i v a t i v e s .  Eqs. (52) 
and (54 )  y i e l d :  
T (55 1 
T h i s  r e s u l t  c a n  b e  s t a t e d  as fo l lows :  
Theorem I 
The r e s u l t a n t  v a l u e  a t  t h e  v e r t e x  o f  a c o n e  w i t h  s o l i d  a n g l e  fl i s  equal  
t o  47-r/(4n-n) t imes t h e  i n c i d e n t  wave a t  t h e  v e r t e x ,  i f  a f i n i t e  T can  be 
f o u n d  s u c h  t h a t  t h e  i n c i d e n t  wave h i t s  t h e  c o n i c a l  s u r f a c e  w i t h i n  t h e  t i m e  
i n t e r v a l  T p r i o r  t o  i t s  encoun te r  w i th  the  ve r t ex  o f  t he  cone .  
I n  a prac t ica l  p roblem,  the  conica l  sur face  which  forms a p a r t  o f  t h e  
s u r f a c e  of a n   o b s t a c l e ,   h a s  a f i n i t e  l e n g t h ,  s a y  L. I n   a p p l y i n g   t h e   t h e o r e m ,  
i t  is e s s e n t i a l  t h a t  t h e  p a r t  o f  t h e  o b s t a c l e  i n s i d e  t h e  s p h e r e  S w i t h  r a d i u s  
C ( t  + T)  i s  c o n i c a l ,  i. e. , 
C ( t  + T) < L (56 1 
It d e f i n e s  a n  u p p e r  b o u n d  f o r  T. On t h e  o t h e r  hand, f o r  a g iven  T w i t h  
CT < L, t h e  i n e q u a l i t y  ( 5 6 )  d e f i n e s  a n  u p p e r  b o u n d  f o r  t for   which  eq.  ( 5 5 )  
holds.  
When a n  i n c i d e n t  wave is  d i f f r a c t e d  f i r s t  by a p a r t  o f  t h e  s u r f a c e  
of t h e  o b s t a c l e  o t h e r  t h a n  t h e  c o n i c a l  s u r f a c e  o f  f i n i t e  l e n g t h  L, con- 
d i t i o n  ( 5 6 )  c a n n o t   b e   f u l f i l l e d .  Even f o r  a c o n e   o f   i n f i n i t e   l e n g t h ,   t h e  
i n c i d e n t  p u l s e  may b e  i n  c o n t a c t  w i t h  a p a r t  o f  t h e  c o n i c a l  s u r f a c e  a l l  
t h e  t i m e ,  c o n s e q u e n t l y ,  t h e  f i n i t e  time i n t e r v a l  T assumed i n  Theorem I 
does   no t   ex is t .   For   bo th   examples ,   the   va lue  a t  t h e  v e r t e x  o f  t h e  c o n e  
c a n n o t  b e  r e l a t e d  d i r e c t l y  t o  t h e  i n c i d e n t  wave by  Theorem 1. A theorem 
r e l a t i n g  t h e  v a l u e  a t  t h e  v e r t e x  o f  o n e  c o n e  t o  t h a t  o f  a n o t h e r  c o n e  w i l l  
be  p re sen ted .  
F igu re  10 shows t h e   r e l a t i v e   o r i e n t a t i o n s   o f  two cones C, and ($, 
w i t h  s o l i d  a n g l e s  nl and &. T h e i r   v e r t i c e s   c o i n c i d e  a t  t h e   o r i g i n   a n d  
t h e i r  b o u n d a r i e s  a q  and a($ have a common r e g i o n  r, i. e. ,  
L e t  Q (x ,y ,  z ,  t )  d e n o t e  t h e  r e s u l t a n t  o f  a n  i n c i d e n t  wave cp(i) and 
i t s  r e f l e c t e d  a n d  d i f f r a c t e d  waves by  cone C, a l o n e  w i t h  &,/an=O  on 
t h e  s u r f a c e  o f  t h e  c o n e  3%. 9 ( t )  denotes   the   domain   ou ts ide   o f   which  
vl=O a t  t h e  i n s t a n t  t. A t  t = O ,  t h e  o r i g i n  l i es  on  the  boundary  of 4 ( t )  
and 4 (t) d o e s  n o t  c o n t a i n  t h e  o r i g i n  f o r  t < 0. 
1 
It w i l l  b e  a s s u m e d  t h a t  t h e r e  e x i s t s  a f i n i t e  t i m e  i n t e r v a l  T such  
t h a t  t h e  domain D ( t  I - T )  i s  i n  p a r t i a l  c o n t a c t  w i t h  t h e  c o n e  C, o n l y  
o v e r  t h e  s u r f a c e  r, i. e. , 
The n e x t  s t e p  i s  t o  examine   the   so lu t ion  cp, which i s  t h e  r e s u l t a n t  
of  t h e  same i n c i d e n t  wave cq(i) and i t s  r e f l e c t e d  a n d  d i f f r a c t e d  waves  by 
cone C, a lone .  The i n i t i a l  d a t a  f o r  cp2 are  p resc r ibed  by  cpl (x, y, z, - to)  
and Cp,, (x,  y, z ,  - t  ) f o r  - t < -T. I f  cone C, d o e s  n o t  i n t e r s e c t  t h e  
domain 4 (t) f o r  t < - T ,  i t  i s  ev iden t  f rom cond i t ions  (58) t h a t  
0 0 
The d e r i v a t i o n  of eq. ( 5 4 )  f rom  the  Green 's   theorem w i l l  be   repea ted  
f o r  t h e  volume  bounded  by two c o n c e n t r i c  s p h e r e s  S and S and by t h e  c o n i c  
s u r f a c e  3% o r  3% r e s p e c t i v e l y .  The two sphe res ,  S and S are cen te red  
a t  t h e  o r i g i n  a n d  t h e i r  r a d i i  are C ( t + t  ) and u. The f o l l o w i n g   r e s u l t  







j f o r  j = 1 , 2  t 2 - T 
On t h e  s p h e r e  S w i t h  r a d i u s  C ( t + t  ), i t  is  e v i d e n t  [cp .] = cp. (x,y, 2,- to). 
0 J J 
Equat ion  (59) shows that [cpi], [&./an], [&&/at) and D . ( - t  ) are i n v a r i a n t  
w i t h  r e s p e c t  t o  j. S? is d e f i n e d  as t h e  p a r t  o f  t h e  s p h e r i c a l  s u r f a c e  S 
l y i n g  i n  D.  (-t ) and i s  a l so  independen t  o f  j. W i t h  t h e  r i g h t  s i d e  o f  
Eq. (60) i n v a r i a n t  w i t h  r e s p e c t  t o  j ,  it y i e l d s  
J J J O  
J 
J O  
So far the problem was formula ted  as p r o p a g a t i o n  a n d  d i f f r a c t i o n  o f  
waves. It can a l s o  b e  f o r m u l a t e d  as a n  i n i t i a l  a n d  b o u n d a r y  v a l u e  p r o b l e m  
a n d  r e s t a t e d  as fo l lows  : 
Theorem I1 
For  two c o n i c a l  s u r f a c e s  3% and 3% w i t h  t h e  same l o c a t i o n  f o r  t h e  
vertices and  wi th  the  same i n i t i a l   d a t a  cp=f (x ,y ,  z )  and cp =g(x, y, z )  a t  
t h e  i n s t a n t  t=-t <0, t h e  r e s u l t a n t  d i s t u r b a n c e  a t  t h e  v e r t e x  f o r  e a c h  
cone  a lone  is  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  e x t e r i o r  s o l i d  a n g l e  o f  t h e  
cone  p rov ided  tha t  t he  suppor t  D f o r  f and g d o e s  n o t  i n t e r s e c t  e i t h e r  
one  o f  t he  cones ,  and  tha t  t he  p a r t  o f  t he  boundary  aD i n  common w i t h  
o n e  o f  t h e  c o n i c a l  s u r f a c e  i s  a l s o  w i t h  t h e  o t h e r ,  i. e. , 
t 
0 
(a. n 3%) =(an r )  as)c(ac, 3 % )  ( 6 2 )  
It i s  o b v i o u s  t h a t  when t h e  wave equation  has  an  inhomogeneous term 
h ( x , y ,  z ,  t )  w i t h  s u p p o r t  E ( t )  similar conclus ions  can  be  obta ined:  
C o r o l l a r y  Theorem I and I1 w i l l  a120 - b e  v a l i d  f o r  s o l u t i o n s  o f  t h e  
inhomogeneous wave equa t ion  & - C = h ( x ,  y, z ,  t )  p r o v i d e d  t h a t  t h e  
s u p p o r t  E ( t )  of h does  no t  i n t e r sec t  t he  cone  o r  bo th  cones  r e spec t ive ly .  
%t 
An i n t e r e s t i n g  a p p l i c a t i o n  f o r  Theorem I and  the  Coro l l a ry  w i l l  be  
the  in i t ia l  and  boundary  ,va lue  p’ roblem for  an  inhomogeneous  wave equa t ion  
i n   t h e   i n t e r i o r   o f  a c o n i c a l   s u r f a c e  a G  w i t h   s o l i d   a n g l e   ( o r   t h e  
e x t e r i o r  of a cone G w i t h  s o l i d  a n g l e  fi=4rr - oc > 2n). The mathematical  
problem is : 
C C 
D. E. &-C cptt= h(x, y, z ,  t )  i n s i d e  t h e  c o n e  G f o r  t > 0, 
-2 
C 
From t h e  d e f i n i t i o n  o f  t h e  p r o b l e m  b o t h  t h e  s u p p o r t  E o f  h and  the  suppor t  
D of f and g l i e  i n  G and, t h e r e f o r e ,  d o  n o t  i n t e r s e c t  G. Theorem I and 
t h e  c o r o l l a r y  s ta te  &at: 
The v a l u e  a t  t h e  v e r t e x ,  cp(o, o ,o ,  t )  is r e l a t e d  t o  t h e  s o l u t i o n ,  
C P ~ ~ ( O , O , O ,  t),  o f  t h e  i n i t i a l  v a l u e  p r o b l e m  f o r  t h e  inhomogeneous wave 
equa t ion  in  th ree -d imens iona l  space  wi th  the  r emova l  o f  t he  con ica l  
s u r f a c e  b y  a n  a m p l i f i c a t i o n  f a c t o r  e q u a l  t o  t h e  l o c a l  e n l a r g e m e n t  i n  
s o l i d   a n g l e ,  i. e., 4n/nC. Th i s   s t a t emen t  is  expressed   by   the   fo l lowing  
equa t ion ,  
C t  
0 s;r 
where S* is  t h e  p a r t  o f  t h e  s p h e r i c a l  s u r f a c e  i n s i d e  t h e  s u p p o r t  D o f  
and g and SJc is t h e  p a r t  o f  t h e  s p h e r i c a l  s u r f a c e  i n s i d e  t h e  s u p p o r t  E 
of  h a t  t h e   r e t a r d e d   i n s t a n t  t-r/C. The s p h e r e s  are cen te red  a t  t h e  
o r i g i n  a n d  t h e  s u b s c r i p t  d e n o t e s  t h e  r a d i u s .  
C t  
r 
(6 3)  
f 
It i s  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  v a l u e  a t  t h e  v e r t e x  o f  t h e  c o n e  
i s  independent   of   the   geometry of the  cone G nor   does  i t  depend  on t h e  
d i s t r i b u t i o n  o f  f , g ,  a n d  h a n d  t h e i r  s u p p o r t s  D and E w i th  respect t o  
t h e  s p h e r i c a l  a n g l e s  8 and <O s o  long  as t h e  i n t e g r a l s  o f  f ,  g and h ove r  
t h e  s p h e r i c a l  s u r f a c e  a re  i n v a r i a n t  as f u n c t i o n s  o f  r and t. 
C 
Another  example i s  t h e  d i f f r a c t i o n  p r o b l e m  b e i n g  a n a l y z e d  i n  t h i s  
paper. As a matter o f   f a c t ,   t h e   i n v e s t i g a t i o n s   i n   t h i s   s e c t i o n  are 
mot iva t ed  by t h e  d e s i r e  t o  d e t e r m i n e  t h e  v a l u e s  a l o n g  a n  e d g e  o r  a c o r n e r  
of  a r e c t a n g u l a r  b l o c k  o r  s t r u c t u r e  d u e  t o  t h e  arrival of  a c o n i c a l  so- 
l u t i o n  o r i g i n a t e d  from a n  a d j a c e n t  e d g e  o r  c o r n e r  w i t h o u t  t h e  c o n s t r u c t i o n  
o f  t he  non-con ica l  so lu t ion .  
F igu re  11 shows  an  inc iden t  p l ane  pu l se  o f  s t r eng th  E impinging  on 
a b l o c k  w i t h  n o r m a l  p a r a l l e l  t o  a n  e d g e  OB. A f t e r  t h e  i n s t a n t  t = 0,  
t h e  p u l s e  i s  r e f l e c t e d  by  the  f ace  OAD and  d i f f r ac t ed  a round  the  edges  OA, 
OD and the  corner  0. Let OA, OB and OD t o  b e  d e s i g n a t e d  as the  x- ,  y - ,  
z - ,  a x i s   r e s p e c t i v e l y .  From Theorem I, t h e   v a l u e  a t  t h e   c o r n e r  0 of  
s o l i d  a n g l e  n / 2  i s  
p1 (0, o , o ,  t )  = e[4n/(4n-n/2)] = (8/7) E f o r  W/C > t > 0. (64) 
This  is i n  a g r e e m e n t  w i t h  t h e  n u m e r i c a l  r e s u l t  i n  6 and i s  v a l i d  u n t i l  
t h e  arrival a t  t = W/C o f  t h e  d i f f r a c t e d  wave  f rom the  ad jacent  corners .  
28 
For  the  conven ience  o f  desc r ip t ion ,  i t  i s  assumed t h a t  t h e  h e i g h t  OD is  
e q u a l  t o  t h e  w i d t h  W(=OA) and is r e l a t e d  t o  t h e  l e n g t h  L(=OB) by  the  
i n e q u a l i t y  
2 L >  W > L  (65) 
For a p o i n t  (x o , o )  on the  edge  of  OA w i t h  s o l i d  a n g l e  rr, Theorem I 
g i v e s  0' 
pI (xo, 0, 0, t)  = E [ ~ T T /  (4rr-rr)I = ( 4 / 3 )  E f o r  x / C  > t > 0 
0 
Due t o  symmetry, x can  be  assumed t o  b e  less than  W/2 and   the   upper  
l i m i t  f o r  t is theOepoch f o r  t h e  arrival o f  t h e  d i f f r a c t e d  wave from the 
vertex 0. 
For t h e  d i s t u r b a n c e  p r e s s u r e  e l s e w h e r e  s u c h  as o n  t h e  s u r f a c e s  o f  
t h e   b l o c k  i t  i s  n e c e s s a r y   t o   c o n s t r u c t   t h e   d i f f r a c t e d  waves. Behind  the 
i n c i d e n t  f r o n t  t h e  d i s t u r b a n c e  p r e s s u r e  i s  p1 = E o u t s i d e  t h e  e n v e l o p e s  
o f   s o n i c   s p h e r e s   a l o n g   t h e   e d g e s  OA and OD. I n s i d e   t h e   s o n i c   s p h e r e  
a r o u n d  t h e  v e r t e x  0 t h e  p r e s s u r e  i s  g iven  by the- th ree -d imens iona l  con ica l  
s o l u t i o n  c o n s t r u c t e d  i n  2, i. e. , P 1 =  E + EP3c  ( x , y , l )  w i t h  x ,  G ,  z e q u a l  t o  
x / ( C t ) ,   y /   ( c t ) ,   z / ( C t )   r e s p e c t i v e l y .   O u t s i d e   t h e   s o n i c   s p h e r e   b u t   i n s i d e  
one  o f  t he  cy l ind r i ca l  enve lopes ,  t he  so lu t ions  are c o n i c a l  i n  two dimensions 
i. e . ,  p1 - E + cpZc(x ,  $) and p1 = E + t pZc(z ,G)  fo r  edges  OA and OD 
r e s p e c t i v e l y .  Of c o u r s e   t h e r e  are a l s o  d i f f r a c t e d  waves  from ver t ices  A, 
D, E, and  edges AD and  DE. 
When t > L/C,  t h e  wave f ron t   advances   ove r   t he   edges  B A ' ,  BD' and 
t h e  v e r t e x  B. I f   t h e   e d g e s  BA' ,  BD' were absen t   and   t he   p l anes  OBA and 
OBD were extended  beyond BA' and B D ' ,  po in t  B can  be  considered as t h e  
v e r t e x  of a cone, C,, w i t h  s o l i d  a n g l e  R1=n a n d  t h e  s o l u t i o n  p1 a t  B i s  
v a l i d   f o r  t > L / C  (Fig. 12) .  In   the   p resence   o f   the   edges  BA' and  BD', 
p o i n t  B can be considered as t h e  v e r t e x  o f  a cone C , ,  w i t h  s o l i d  a n g l e  
Rz=n/2. Cone C, and  cone C, have faces OBAB' and O D D '  i n  common and 
time i n t e r v a l  T can   be   equa ted   t o   ze ro .  Theorem I1 y i e l d s   t h e   r e s u l t a n t  
v a l u e  a t  B fo r   cone  C,, i . e . ,  i n c l u d i n g  t h e  d i f f r a c t i o n  o f  p1 by c o r n e r  B, 
= (6/7) E[ l + ~ ~ ~ ( o , L / C t ,  o ) ]  f o r  L / C  > t - L / C  > 0 (67) 
The upper  l i m i t  of t = 2L/C i s  d u e  t o  t h e  f i n i t e  l e n g t h  L of  both cone 
C, and  cone &. 
I n  case o f  (# + L2)% < 2L, t h e  c o n i c a l  s o l u t i o n s  o r i g i n a t e d  a t  t h e  
v e r t i c e s  A and D arrive a t  c o r n e q B  b e f o r e  t = 2L/C, a d d i t i o n a l  terms 
should  be  added  for  t > (ti! + L2 )yC. They can  aga in  be  de f ined  by- 
Theorem 11. The incoming wave from corner  A i s  E P ~ ~ ( X ' ,  y, z )  with x'=(W-x)/  ( C t ) .  
P o i n t  B can be  cons ide red  as t h e  vertex o f  cone c; d e f i n e d  as be fo re  and  
as t h e  v e r t e x  o f  c o n e  C, w i t h  t h e  e x t e n s i o n  o f  f a c e  OABA' over  the  edges  
O B  and BA'.  The s o l i d  a n g l e  f o r  C; i s  2n a n d  t h e  r a t i o  o f  s o l i d  a n g l e s  
e x t e r i o r  t o  C, and & .is (4~~-2n) / (4 r r -n /2 )  = 4/7. Theorem I1 y i e l d s   t h e  
- "
extra term ( 4 / 7 )  ~p~~ (w/ (ct) ,  L /  ( C t ) ,  0 ) .  S i m i l a r l y  a term 
account  the  incoming wave from v e r t e x  D f o r  t > (w2 + Lz)'/C. 
( 4 / 7 )  EP3c (O,L/ ( C t ) ,  W/ ( C t ) )  should  be  added  to  Eq. (67) t o  t a k e  i n t o  
The d i s t u r b a n c e  p r e s s u r e  a t  a po in t  P (x  L, 0) on  the  edge BA' can  
a l s o  b e  r e l a t e d  t o  t h e  d i f f r a c t e d  waves from edge OA and from vertices 0 
and A by means of Theorem 11. P o i n t  p can  be  cons ide red  as t h e  vertex 
of  cone C, w i t h   s o l i d   a n g l e  & = n (Fig. 11). When t h e  face OABA' is  
ex tended  ove r  the  edge  BA', p o i n t  P becomes the ver tex of  cone 6 w i t h  
s o l i d   a n g l e  fll = 217 (Fig.  12). The r e s u l t a n t   p r e s s u r e  a t  p o i n t  P due 
t o  d i f f r a c t i o n  is e q u a l  t o  2 / 3  o f  t h e  v a l u e  of  the incoming wave a lone .  
The f a c t o r  2 / 3  i s  t h e  r a t i o  o f  e x t e r i o r  s o l i d  a n g l e s  o f  C, and C,. 
T h i s  r e s u l t  i s  v a l i d  u n t i l  t h e  arr ival  o f  t h e  n o n - c o n i c a l  d i f f r a c t e d  
wave f r o m  v e r t e x  B' o r  A ' .  
0' 
It has  been  demonstrated  that   the   theorems are  u s e f u l  t o  e x t e n d  t h e  
knowledge of c o n i c a l  s o l u t i o n s  t o  t h e  a d j a c e n t  e d g e s  a n d  ver t ices  f o r  
l i m i t e d  time i n t e r v a l s .  To o b t a i n   t h e   p r e s s u r e   d i s t r i b u t i o n   o n   t h e  
s u r f a c e s  o f  t h e  r e c t a n g u l a r  b l o c k  o r  s t r u c t u r e ,  i t  i s  s t i l l  necessa ry  
t o  c o n s t r u c t  t h r e e - d i m e n s i o n a l  n o n - c o n i c a l  s o l u t i o n s  f o r  d i f f r a c t i o n s  
by edges and corners .  
I 
Conclusion 
I n  t h i s  p a p e r  t h e  f o l l o w i n g  results are ob ta ined :  
t h e  c o n i c a l  s o l u t i o n  f o r  t h e  d i f f r a c t i o n  o f  a p l a n e  a c o u s t i c  
p u l s e  b y  a th ree -d imens iona l  co rne r  of a cube is obta ined  by  
s e p a r a t i o n  o f  v a r i a b l e s .  
t h e  s o l u t i o n s  o f  t h e  e i g e n v a l u e  p r o b l e m  i n  s p h e r i c a l  a n g l e s  f o r  
the  conica l  problem remain  the  same f o r  t h e  g e n e r a l i z e d  c o n i c a l  
s o l u t i o n s  d e s c r i b e d  i n  2 a n d  a l s o  f o r  p o t e n t i a l  o r  u n s t e a d y  h e a t  
conduct ion problems,  s o  long  as the  boundary  cond i t ions  in  8,cp 
p l a n e  are t h e  same. 
t h e  t e c h n i q u e  f o r  t h e  s o l u t i o n  o f  t h e  e i g e n v a l u e  p r o b l e m  is 
a p p l i c a b l e  t o  a more general  shape o f  boundary  on  the  uni t  sphere  
formed  by two g r e a t  c i rc les  o f  g iven  long i tudes  and  a h o r i z o n t a l  
c i r c l e  of  g i v e n   l a t i t u d e .  The  boundary  condi t ions  can  be 
g e n e r a l i z e d  t o  t h e  t y p e  ap+b a p / &  = 0 w i t h  b o t h  a and b as 
non-nega t ive   cons t an t s .  
t h e  n u m e r i c a l  r e s u l t s  s u g g e s t  t h a t  t h e  e i g e n v a l u e s  f o r  c o r n e r s  
can  be  approximated,   one  by  one,  by t h e  e i g e n v a l u e s  f o r  c i r c u l a r  
cones  of   the  same s o l i d  a n g l e .  
"mean-value"  theorems i n  2 are d e r i v e d  f o r  s o l u t i o n s  o f  wave 
e q u a t i o n s  s o  t h a t  t h e  r e s u l t a n t  wave a t  t h e  v e r t e x  of a cone 
c a n  b e  r e l a t e d  t o  t h e  i n c i d e n t  wave o r  t h e  v a l u e  a t  t h e  v e r t e x  
of a d i f f e r e n t  cone.  These  theorems are u s e f u l   t o   e x t e n d   t h e  
k n o w l e d g e  o f  t h e  c o n i c a l  s o l u t i o n s  t o  t h e  a d j a c e n t  c o r n e r s  o r  
edges. 
a p p l i c a t i o n s  of  t h e  Theorems i n  8 y i e l d  i n t e r e s t i n g  a n d  s i m p l e  
r e s u l t s :  f o r  an  in i t ia l  va lue  problem of  an  inhomogeneous  wave 
e q u a t i o n   i n s i d e  a c o n i c a l   s u r f a c e   w i t h   v a n i s h i n g   n o r m a l  
d e r i v a t i v e  on t h e  s u r f a c e ,  t h e  v a l u e  a t  t h e  v e r t e x  o f  t h e  c o n e  
can be r e l a t e d  d i r e c t l y  t o  t h e  same i n i t i a l  v a l u e  p r o b l e m  i n  
three-d imens iona l   space .  The v a l u e  a t  the   ve r t ex   depends   on ly  
on t h e  v a l u e  o f  t h e  s o l i d  a n g l e  o f  the  cone  but  no t  on  the  
geometry  of  the  cone. It d e p e n d s   o n   t h e   r a d i a l   d i s t r i b u t i o n  
o f  t h e  i n i t i a l  d a t a  a n d  t h e  inhomogeneous term b u t  n o t  on t h e i r  
d i s t r i b u t i o n  w i t h  r e s p e c t  t o  t h e  s p h e r i c a l  a n g l e s .  
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F i g .  1 Inc idence  o f  a plane  pulse  on a corner  
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F i g .  2 Eigenvalue   p roblem  for   the   corner  
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F i g .  4 Plane   pu l se   i nc idence   head  on t o  f a c e  O A D ,  the r e f l e c t e d  
p l a n e   p x l s e   a n d   t h e   d i f f r a c t e d   f r o n t s   a r o u n d   e d g e s  O A ,  OD,  37 
a n d  v e r t e x  0 
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SECTION NORMAL TO EDGE OA 
SECTION NORMAL TO EDGE OD 
F i g .  5 Two-dimensional  cogical s o l u t i o r s  around  edges 
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3- DIMENSIONAL 2 -DIMENSIONAL 
CONICAL SOLUTION CONICAL  SOLUTION - 
0 . ~___ . ~ - ~ 
0 0.5 I .o 1.5 
F i g ,  7 Over p r e s s u r e   a l o n g   c o n s t a n t  r,J l i n e s  on f a c e  OAB ( ( 3 ~ 7 2 )  
and  a long constant 8 l i n e s  on f a c e  OBD (t3=3rr/4) 
OVER 1 
' . PRESSURE 
Fig. 8 Typical s o n i c  boom s i g n a t u r e  
FRONT -AT" 
t = - t o ,  
/ 
Fig .  9 D i f f r a c t i o n  by a cone 
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FRONT  OF 
FRONT  OF EDGE OB EDGE BD' 
J 
Fig .  11 I n c i d e n t  of a p l a n e  p u l s e  on a block a t  i n s t a n t  t > L / C  
44 (OB=L, OA=OD=W; a l s o  shown a r e  t h e   d i f f r a c t e d  wave f r o n t s  
around edges O A , O D , B A '  , B D '  and around vertices 0 and B). 
\ 
I Y  0 
b 
\ 
z \  
FRONT OF EDGE OB 
\ 
Fig .  12 I n c i d e n t  of  a p l ane  pulse on  a b l o c k  w i t h  e x t e n d e d  f i c t i t i o u s  
s u r f a c e s  a t  i n s t a n t  t > L / C  ( a l s o  shown are t h e  d i f f r a c t e d  




Four  complete sets o f  l i s t i n g  p r o g r a m s  f o r  CDC-6600 are g i v e n  i n  
the   append ix .  They are c a l l e d  f i rs t  program (A), f i rs t  program (B) ,  
second  program  and  third  program.  Their   input   and  output   formats   and 
t h e  o p e r a t i n g  i n s t r u c t i o n s  are p r e s e n t e d  as f o l l o w s :  
F i r s t   P rogram (A):  d e t e r m i n a t i o n   o f   e i g e n v a l u e s   a n d   e i g e n f u n c t i o n s   f o r  
odd f u n c t i o n .  
F i r s t  Program (B) :  d e t e r m i n a t i o n   o f   e i g e n v a l u e s   a n d   e i g e n f u n c t i o n s   f o r  
even  func t ion .  
I n p u t  D e f i n i t i o n  
I IPP  . a c o n t r o l   c o n s t a n t  
To c a l c u l a t e  d e t e r m i n a n t  a n d  s e a r c h  f o r  e i g e n v a l u e s ;  
l e t  I I P P  e q u a l  t o  a n y  n e g a t i v e  o r  z e r o  i n t e g e r .  
To c a l c u l a t e  d e t e r m i n a n t  a n d  c o e f f i c i e n t s  o f  e i g e n -  




: f o r  odd f u n c t i o n  NMAX=M f o r   e v e n   f u n c t i o n  NMAX=M 
S Y  C 
: f o r  odd f u n c t i o n  LMAX=J f o r   e v e n   f u n c t i o n  LMAX=J 
S ’  C 
: x  
I f  I I P P  5 1; XLAM i s  o n l y  a sea rch ing   e igenva lue .  More 
a c c u r a t e  v a l u e  f o r  t h e  r o o t s  o f  @ ( h . ) = O  can  be  obta ined  
by i n t e r p o l a t i o n .  Be c a r e f u l   n o t  t o  o v e r l o o k   m u l t i p l e  
r o o t  a c r o s s  w h i c h  A Q )  may not  change  s ign .  
I f  I I P P  > 1; XLAM is  an  e igenva lue  as l o c a t e d  b y  t h e  
preceding   method,   and   ready   to   ca lcu la te   the   coef -  
f i c i e n t s  o f  e i g e n f u n c t i o n s .  
I n p u t  
Card 1; IIPP,  NMAX, LMAX (Format  315) 
Card 2 ;  XLAM (Format  F15.0) 
Output  and  Def in i t ion  
LMAX 
”””) : i n p u t   d a t a  p r e v i o u s l y   d e s c r i b e d  
IMAX : number  of l i n e a r  homogeneous e q u a t i o n s ,   f o r   t h e  odd 
s o l u t i o n s ;  IIMAX=LMAX+NMAX; f o r   t h e   e v e n   s o l u t i o n :  
IIMAx=LMAX+NMAx+2 
ALPHA : 2a 
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Outpu t  and  Def in i t i on  
PPHI : iP=2(rr-a) 
XNUI : v = T r h  
0 
XMU : Po =cos(@)  where @ i s  t h e  l a t i t u d e  o f  u p p e r  s u r f a c e  
XLAM : p r e v i o u s l y   d e c r i b e d  
DET : t h e   v a l u e   o f  d e t e r m i n a n t   f o r  a g iven  X ;  Ac(h)=(  a .  .I 
1J .  
BMIN(J), : c o e f f i c i e n t s   i n   t h e  series r e p r e s e n t a t i o n  of e igen-  
DMIN(L) f u n c t i o n s ,  
f o r   e v e n   f u n c t i o n   F i r s t  M +1 o u t p u t  are Am's 
C 
Next J +1 o u t p u t  are C j  ' s  
C 
f o r  odd f u n c t i o n   F i r s t  Ms are Bm's 
Next J are D j  ' s 
S 
These Am's, C j ' s ,  Bm's, D j ' s  are def ined   by   eq .  (25) .  
Second  Program:   Determina t ion   of   the   coef f ic ien t  IS, o f   t he   e igen -  
f u n c t i o n  e x p a n s i o n  f r o m  t h e  i n i t i a l  d a t a .  
I n p u t  D e f i n i t i o n  
I1 : c o n t r o l   c o n s t a n t  
II=1; t o  c a l c u l a t e  5 f o r  odd f u n c t i o n  
I1 e q u a l  t o  a n y  i n t e g e r  o t h e r  t h a n  o n e ;  t o  c a l c u l a t e  
K f o r   e v e n   f u n c t i o n  
1 
: p r e v i o u s l y   d e s c r i b e d  
XLAM 
""" one (A) f o r  odd func t ion   o r   p rog ram  one  (B)  f o r   e v e n  : t h e s e   a r e   t h e   c o e f f i c i e n t s   c a l c u l a t e d   f r o m   p r o g r a m  
f unc t i o n  
Input  
II=1, NMAX, LMAX (3  15) 
XLAM 
DMIN (L) 




I n p u t  
II=2, NMAX, LMAX 
END FILE 
Note t h a t  t h e  b r a c k e t  i n d i c a t e s  a s e t  o f  d a t a  composed o f  a given 
1 and i t s  c o r r e s p o n d i n g   c o e f f c i e n t s  B M I N ( J )  and DMIN(L) .  N o t e   a l s o  
t h a t  t h e s e  sets  are t h e n  l i s t e d  i n t o  a group of  odd func t ions  and  a 
g r o u p  o f  e v e n  f u n c t i o n s  s e p a r a t e d  b y  a n  e n d  f i l e  c a r d .  
T h i s  u s e  o f  t h e  e n d  f i l e  c a r d  f a c i l i t a t e s  t h e  o r d e r l y  c a l c u l a t i o n s  
of  a l l  odd f u n c t i o n s  f i r s t  a n d  t h e n  a l l  even  func t ions .  
Output  and  Def in i t ion  
XLAM These are 
NMAX, LMAX, IMAX, ALPHA, i n p u t   d a t a   y h i c h  
PPHI, XNUI,  XMU are l i s t e d  
BMIN ( J) f o r   i d e n t i f i c a t i o n  
DMIN (L) a n d   v e r i f i c a t i o n  
K (Lamda ) 5 t h e  c o e f f i c i e n t  o f  t h e  
e igenfunct ion  expans ion  f rom 
t h e  i n i t i a l  d a t a  
Remark: t h e   s u b r o u t i n e  FSF and   subrout ine  CON2D prepare the  boundary 
d a t a  on the  son ic  sphe re  €o r  the  p rob lem desc r ibed  in  5. 
For a d i f f e r e n t  p r o b l e m  o n l y  t h e s e  two subrou t ines  shou ld  
be  changed. 
Th i rd   P rogram:   de t e rmina t ion   o f   t he   p re s su re   d i s t r ibu t ion   on   t he   su r f aces .  
Inpu t  same as the   s econd   p rogram,   excep t   he   f i r s t   c a rd   o f   each  s e t  o f  
i npu t   da t a   con ta ins   bo th   and  i t s  cor responding  5 which was 
calculated from the second program. 
Output  and  Def in i t ion  
XLAM : x 
AAO : def ined   i n eq .  (39)  
K(Lamda) : 5 
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:cp where 8 and cp are s p h e r i c a l   c o o r d i n a t e s  
p=cos8 f o r   p o i n t s  on t h e   s u r f a c e s  
Pl : p r e s s u r e  on s u r f a c e  OAB o n   f i g u r e  ( 4 )  where 8 = j3, 
p=cosp; cpN = Tr - a + -  4 (N-l) , N = 1,2,. ..5 
: p r e s s u r e  on s u r f a c e  OAD where cp = - 3rr 4 '  
= +: (N-1)  where N = 1 , 2 , 3 , 4 , 5  
'N 2 
: p r e s s u r e  on s u r f a c e  OBD where cp = - * 4 '  
-3rr 
O N  = +: . ( N - l )  , N = 1,2,.. . 5  
Note: PI, P2, P3 are d e f i n e d   i n  eq. (34 )  
Output  Format 
Odd f u n c t i o n  
NMAX, LMAX, IIMAX, 
AZPHA, PPHI, XNLJI, XMU 
XLAM, AAO, K(Lamda) 
S e t  1 BMIN(J )  { D M I N ( J )  
S e t  2 { } 
Even f u n c t i o n  
NMAX, LMAX, IMAX, 
ALPHA, PPHI, X N U I ,  XMU 
Sect .  1 { } 
Sect .  2 { } 
A t  t h e  l a s t  page  of   the  output ,  a t a b l e   o f  PHI, PI,  XMU, Pa, P3 i s  
t a b u l a t e d  i n  f i v e  columns  with  Format ( 2 E 1 6 . 5 ,   1 5 X ,  3316.5). 
Remark: I n   t h i s   p r o g r a m ,   t h e r e  are 10 Z ( c ) ' s  where c ' s  are 0.111, 0.211, 
t o  0.9989. I n   c a s e   o f  a d i f f e r e n t   i n c r e m e n t  of 5 ,  t h e   s u b r o u t i n e  
T102 must  then use a d i f f e r e n t  v a l u e  o f  XTEST. 
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C F I R S T  PROGRAM ( A )  
C ODD FUNCTION TO CALCULATE  DETERMINANT AND C O E F F I C I E N T S  
D I M E N S I O N   A E L ( 5 0 r 5 0 ) r 8 ( 5 0 , 5 0 )  
D I M E N S I O N   P D E T ( 5 0 9 5 0 ) 9 E E E E ( 5 0 , 5 0 )  
D IMENSION S U M A ~ 1 0 1 ~ ~ S U M ~ ~ 1 @ 1 ~ r ~ M I N ~ ~ O ~ , D M I N ~ 3 ~ ~ ~ S ~ M I N ~ ~ O ~ ~  
lSDMIN(30) 
LLMAX=50  
5 F O R M A T ( 3 1 5 )  
I IMAX=LMAX+NVAX 
I TTEM= I I MAX 
READ(595)  I IPP,NMAX,LMAX 
P I z 3 0 1 4 1 5 9 2 6  
A L P H A = P I / 2 e  
P P H I = Z o r ( P I - A L P H A / Z . )  
XNUP=PI   /PPHI  






W R I T E ( 6 9 5 0 2 )  N M A X , L M A X ~ I I M P X I A L P H A I P P H I , X N U ~ , X M U  
5 0 2  FORMAT ( * N W k X = * , I 5 , 5 X , * L M A X = + ~ I 5 ~ 5 X 9 * I l M A X = x , I 5 / 5 X 9  * 
I A L P H A = * r E 1 2 ~ 5 ~ 5 X ~ ~ P P H I ~ * ~ E l 2 o 5 ~ 5 X , ” X N U 1 ~ * ~ E l 2 ~ 5 ~ 5 X ~ * X ~ U ~ * ~ E 1 2 ~ 5 )  
400 R E A D ( L r 3 1 )  XLAY 
3 1  FORMAT(F14.0)  
I F ( E N D F 1 L E  5 )  5559,5556 
5 5 5 6  CONTINUE 
C CALCULATION OF ELEMENTS OF DETERMINANT 
DO 3 0 3  J = ? r I I M A X  
DO 300 K = l , I I M A X  
I F ( J - N M A X  1 1 0 ~ 1 0 , 2 0 0  
IO IF (Y-NMAX 1 1 1 9 1 1 r 3 C  
11 CONTINUE 
14 IF(J-K) 16915916 
F E L = 1  
1 5  D E L T A z l .  
GO TO 17 
16 DELTA=O. 
17 SS=K 
CALL PPDD(SS,XLAW,XMUILLMAX~PP,DP)  
AEL(J I# )=DP*EFL*DELTA 
GO T O  300 
CALL PPDD(SS,XLAM,XMUtLLMAX,PPIDP)  
LH=K-NMAX 
L I = J  
CALL X L L L L I L H ~ L I I A L P H A I X N U ~ ~ X I I )  
A E L ( J I K ) = D P * X I I  
GO T O  3 0 0  
200  I F ( K - N M A X   2 1 2 9 2 1 2 9 2 3 0  
2 12 LH=J-NMAX 
30 S S = ( 2 w ( K - N M A X ) - l ) * X N U l  
L I = K  
CALL X L L L L ( L H 9 L I  r A L P H A , X N U l * X I I  1 
5S=K 
CALL P P D D ( S S t X L A M * X M U 9 L L M A X , P P , D P )  
A E L ( J , # ) = P C * X I I  
GO TO 300 
230 Z F ( J - K )  2 3 ? 9 2 3 2 ~ 2 3 3  
2 3 2   D E L T A = l  
GO TO 2 3 4  
233 DELTA=O 
2 3 4   C O N T I N U E  
E E L = 1  e 




3 0 3   C O N T I N U E  
DO 3 0 7   I = l , I T T E M  
DO 3 0 6   J Z 1 , I T T E M  
B (  I , J ) = O e  
E E E E ( I q J ) = A E L ( I , J )  
306   CONTINUE 
307   CONTINUE 
CALL L E Q ( A E L ~ B , I I M A X I O , ~ O , ~ ~ ~ D E ~ )  
W R I T E ( 6 r 3 2 )  X L A M  rDET 
I F  ( I I P P )   4 0 0 r 4 0 0 t 1 0 0 2  
C CALCULATION OF COFACTORS 
DO 9 0 3  I = l ,  I T T E M  
DO 902  J = l ,  I T T E M  
A D E T ( I , J ) = E E E E ( T * J )  
32 FORMAT ( * X L A M = * ~ E ~ ~ ~ B ~ ~ X I + D E T = * * E ~ ~ ~ ~ )  
1002   CONTINUE 
902 CONTINUE 
9 0 3  CONTINUE 
I C O R D = l  
DO 5 1 1  J = l r  J E P  
JCORD= J 
C A L L  COFACT(ADET,ITTEM,ICORD~JCORD~DETCOE) 
BMIN(J)=-(-le)**JCORD*DETCOF 
5 11 CONT I NUE 
DO 5 1 2   L = l r L E P  
JCORD=L+JEP 
CALL C O F A C T ( A D E T I I T T E M , I C O R D , J C O R D I D E T C O E )  
DMIN(L)=-(-l.)*+JCORD*DETCO€ 
512  CONTINUE 
D E L U = ( l . - U C ) / I N T E R V  
I S T E P = I N T E R V + l  
DO 611 I = l , I S T E P  
X M M = ( I - l ) * D E L U  
SUM1 O=O 0 
DO 6 0 1   J = l r J € P  
SS= J 
C A L L  PPDD(SS,XLAM*XMM,  LLMAXrPPrDP) 
SUMlO=SUMlO+(BMIN(J)*PP)**Z 
S U M A ( I ) = S U M l O  
601 CONTINUE 
611  CONTINUE 
D E L V = I l . + U O ) / I N T E R V  
DO 711 f = l r I S T E P  
X M M = ( I - l ) * D E L V  
S U M l l = O e  
DO 6 0 3   L = l , L € P  
S S = ( Z + L - l ) * X N U l  
CALL  PPDD(SSrXLAM9  XMM,LLMAXrPPrDP) 
SUMll=SUMll+(DMIN(L)*PPI**2 
S U M B ( I ) = S U V l l  
6 0 3   C O N T I N U E  
6 0 4   F O R M A T ( 1 5 X r I 5 , 3 E 2 O 0 8 )  
7 11 CONT I NlJE 
TOSUMl=SUVA ( 1 ) 
TOSUMZ=SUMB( l )  
DO 6 2 2   I = 2 r I N T E R V  
C O E F = 3 o + ( - l o ) * * I  
TOSUM;=TOSUMl+COEF+SUMA(I) 
TOSUM2=TOSUM2+COEF*SUMB(I)  
622   CONTINUE 
TOSUMl=(TO5UMl+SUMA.( ISTE! ' ) ) *DFLU/3 .  
TOSUMZ=(TOSUVZ+SUMR(   ISTEP) I *DELV/3o  
ODDN=TOSUMl*PI/2o+DPHI*TOSU~Z/4o 
6 4 1   F O R M A T ( 9 X * 3 E 2 0 0 8 )  
DO 6 3 3   I z l r J E P  
SBMIN(I)=BMIN(I)/SQRT(ODDN) 
B M I N ( I ) = S B M I N ( I )  
6 3 3  CONT I NUE 
C CALCULATION OF NORMALIZED COFACTORS "COEFFICIENT O F  EIGEN  FUNCTION 
W R I T E ( 6 9 6 1  
6 F O R M A T ( / / *   C O E F F I C I E N T S  OF ODD FUNCTION*)  
3 0 4  F O R M A T ( ~ E ~ O O @ / ( ~ X ~ ~ E ~ O ~ ~ I )  
W R T T E ( 6 9 3 0 4 )  ( B b 4 1 N (  I 1  rI=lrJEP) 
DO 6 3 4   L Z l r L E P  
S D M I N ( L ) = D M I N ( L ) / S ~ R T ( O D D N )  
D M I N ( L ) = S D V I N ( L )  
6 3 4  CONT I NlJE 
W R I T E ( 6 r 3 0 4 )  ( D M I N ( L ) r L = l r L E P )  
GO T O  4 0 0  
END 










TEST=ABS(VC'XI  )-(1.E-08 1 
IF(TEST)20,20,10 




11  JZ=LH+l 
X I I ~ 2 . * ~ - 1 . ) ~ * J Z + C O S I V A L ~ P I ~ * ~ I / ~ P I * ~ V C * * 2 ~ X 1 ~ * 2 ~ ~  
GO TO 70 




GO T O   2 4  
23 EEL=lo 






D D Z l  
TEMl=Oo 
TEMP-00 
Z X = ( l . - X M U ) / 2 .  
I F ( A B S ( f X ) - 0 ~ 0 0 0 0 0 1 )  3 5 9 3 5 9 3 1  
3 1   C O N T I N U E  
DO 40 L x l r L L M A X  
ZL=L 
T E M l = T E M l + D D * Z X * * ( L - l )  











































LINEAR  EQUATIONS  SOLUTIONS FORTRAN I 1  VERSION  LEQF 0020 
SOLVE A SYSTEM OF LINEAR  EQUATIONS OF  THE FORM AX=B  Y A MODIFIED  LEQF0030 
GAUSS E L I M I N A T I O N  SCHEME LEQF0040 
LEQF0050 
NEQS = NUMBER OF EQUATIONS AND  UNK OW S LEQF0060 
NSOLNb = NUMBER OF VECTOR SOLUTIONS  DES RED LEQFOOTO 
I A  = NUMBER  OF ROWS OF A AS DEFINED BY DIMENSION STATEMENT ENTRY LEQFOO8O 
I B  = NUMBER OF ROWS OF B AS DEFINED BY DIVENSION STATEMENT  ENTRY LEQF0090 
ADET = DETFRMINANT OF A, AFTER E X I T  FROM LEQ  LEQFOlOO 
L E U F O l l O  
D I M E N S I O N   A ( I A , I A ) * B ( I B I I B )   L E Q F O l 2 O  
N S I Z  = NEQS LEQF0130 
N B S I Z  = NSOLNS LEQF0140 
NORMALIZE EACH ROW BY I T S  LARGEST  ELEMENT. FORM PARTIAL DETERNT LEQF0150 
DET=I.O LEQFOl6O 
DO 1 I = l r N S I Z   L E Q F 0 1 7 0  
BIG=A(  1 9 1  1 LEQF0180 
I F ( N S I Z - 1 ) 5 0 ~ 5 0 , 5 1   L E Q F 0 1 9 0  
DO 2 J=Z,NSIZ  LEQF0200 
I F ( A B S F ( B I G ) - A B S F ( A ( I I J ) ) ) )  3,292 
B I G = A ( I , J )  
CONT I NUE 
BG=l.O/BIG 
DO 4 J = l , N S I Z  
A ( I I J ) = A ( I I J ) * B G  
DO 41  J = l  r N B S I Z  
B ( I 9 J ) = B ( I 9 J ) * B G  
DET=DET+BIG 
CONT I NU€ 
START  SYSTEM  REDUCTION 
NUMSYS=NSIZ-l 
DO 14 I = l r N U M S Y S  
SCAN F I R S T  COLUMN  OF CURRENT SYSTEM FOR LARGEST  ELEMENT 
C A L L  THE ROW CONTAINING  THIS ELEMENT, ROW NBGRW 
NN= I+1 
B I G = A ( T I I )  
NBGRW= I 
DO 5 J=NNIKSIZ 
IF(ABSF(BIG)-ABSF(b(J*I))) 6 9 5 9 5  
B I G = A ( J I I )  
NBGRW=J 
CONT I NUE 
SWAP ROW I WITH ROW  NBGRW UNLESS  I=NBGRW 
BG=l .O/BIC 
IF(NBCRW-I )   7 ,1097 
SWAP A - M A T R I X  ROWS 
DO 8 J=I*NSIZ 
TEMP=A(NBGPW*J) 
A ( N B G R W * J ) = A ( I * J )  
A ( I * J ) = T E M P  
DET = -DET 
SWAP B-MATRIX ROWS 
DO 9 J = l r N B S I Z  
TEMP=B(NBGRW,J) 
B ( N B G R W * J ) = B ( I , J )  
B (  I r J ) = T E M P  

































































2 0  
C 
C 
DO 13 K z N N v N S I t  
COMPUTE P I V O T A L   M U L T I P L I E R  
PMULT=-A(K , I ) *BG 
APPLY  PMULT TO ALL COLUMNS O F  THE  CURRENT  A-MATRIX ROW 
DO 11 J x N N q N S I Z  
A ( K , J ) = P M U L T * A ( I I J ) + A ( K * J )  
APPLY  PMULT TO ALL COLUMNS O F  MATRIX B 
DO 1 2   L = l , N B S I Z  
B ( K , L ) = P M U L T * B ( I * L ) + B ( K , L )  
CONT I NUE 
CONT I N U E  
DO BACK SUP ST I TUT I ON 
WITH  B-MATRIX COLUMN = NCOLB 
DO 1 5   N C O L B = l r N B S I Z  
DO FOR ROW = NROW 
DO 19 I = l , N S I Z  
NROW=NSIZ+ l - I  
TEMP=O 0 
NUMBEh OF PREVIOUSLY COMPUTED  UNKNOWNS = NXS 
NXSzNSIZ-NROW 
ARE WE DOING THE  BOTTOM ROW 
I F ( N X S )   1 6 r 1 7 9 1 6  
NO 
DO 1 8  K= l ,NXS 
KK=NS I Z + l - K  
TEMP=TEMP+B(KK,NCOLB)*A(NROW~KK) 
B ( N R O W , N C O L B ) ~ ( 3 ~ N R O W ~ N C O L B ) - T E M P ) / A ( N R O W ~ N ~ O W ~  
HAVE WE F I N I S H E D   A L L  ROWS FOR B-MATRIX COLUMN = NCOLB 
CONT I NUE 
YES 
HAVE WE JUST  F IN ISHED  WITH  B -MATRIX  COLUMN NCOLB=NSIZ 
CONT I NUE 
YES 
NOW F I N I S H  COMPUTING  THE  DETERMINANT 
DO 20 I = l , N S I Z  
D E T = D E T + A ( I r I )  




L E Q F 0 5 9 0  
L E Q F 0 6 0 0  
L E Q F 0 6 1 0  
L E Q F 0 6 2 0  
L E Q F 0 6 3 0 .  
L E Q F 0 6 4 0  
L E Q F 0 6 5 0  
L E Q F 0 6 6 0  
L E Q F 0 6 7 0  
L E Q F 0 6 8 0  
L E Q F 0 6 9 0  
L E Q F 0 7 0 0  
L E Q F 0 7 1 0  
L E Q F 0 7 2 0  
L E Q F 0 7 3 0  
L E Q F 0 7 4 0  
L E Q F 0 7 5 0  
L E Q F 0 7 6 0  
L E Q F 0 7 7 0  
L E Q F 0 7 8 0  
L E Q F 0 7 9 0  
L E Q F 0 8 0 0  
L E Q F 0 8 1 0  
L E Q F 0 8 2 0  
L E Q F 0 8 3 0  
L E Q F 0 8 4 0  
LEQFO850 
L E Q F 0 8 6 0  
L E Q F 0 8 7 0  
L E Q F 0 8 8 0  
L E Q F 0 8 9 0  
L E Q F 0 9 0 0  
LEQFO910  
L E Q F 0 9 2 0  
L E Q F 0 9 3 0  
L E Q F 0 9 4 0  
L E Q F 0 9 5 0  
L E Q F 0 9 6 0  
L E Q F 0 9 7 0  
L E Q F 0 9 8 0  
SUBROUTINE C O F A C T ( A D E T I I I M A X , I C O R D , J C O R D , D E T C O E )  
DIMENSION A D E T ( 5 0 r 5 0 ) r 6 D E T 1 5 0 r 5 0 ) , C D E T ( 5 0 9 5 ~ )  
M= 1 
MM= 1 
10 N = l  
MN= 1 
I F ( M - I C O R D )   2 0 9 1 2 r 2 0  
1 2  MM=M+l 
20 I F ( N - J C O R D )   2 3 9 2 2 9 2 3  




I F ( N - I I M A X + l )   2 0 9 2 0 9 3 1  
MM=MM+l 
I F ( M - I I M A X + l )   1 0 9 1 0 9 3 5  
3 1  M=M+1 
3 5   I T E R M = I I M A X - l  
DO 37 I = l * I T E R M  
DO 3 6   J = l , I T E R M  
CDET(   I ,J )=Om 
3 6  CON T r NUE 
37  CONTINUE 




C F IRST  PROGRAM(B)  
C EVEN  FUNCTION TO CALCULATE  DETERMINANT  AND  COEFICIENTS 
D I M E N S I O N   P . E L ( 5 0 , 5 0 ) , 6 ( 5 0 r 5 0 )  
D IMENSION ADET ( 5 0 ~ 5 0 ) , E E E E ( 5 0 , 5 0 )  
D I M E N S I O N  S U M A ( 1 0 1 ) ~ S U M B ( 1 0 1 ) ~ B M T N ( 3 0 ) , D M I N ( 3 0 ) , S 3 M I N ~ ~ O ~ ~  
l S D M I N ( 3 0 )  
LLMAX=50 
5 F O R M A T ( 3 1 5 )  
I I MAX=LMAX+NMAX+2 
I T T E M = I I M A X  
R E A D ( 5 r 5 )   I I P P * N M A X , L M A X  
P I = 3 0 1 4 1 5 9 2 6  
A L P H A = P I / 2 .  
P P H I = ~ o * ( P I - A L P H A / ~ ~ )  
X N U l = P I / P P H I  
I N T E R V = 3 0  
L E P = L M A X + l  
JFP=NMnAX+l 
u o = o o  
XMU=O e 
XMUFIX=XMU 
W R I T E ( 6 , 5 0 2 )  N M A X , L M A X ~ I I M A X , A L P H A ~ P P H I ~ X I ' J U ~ ~ X ~ I U  
5 0 2  FORMAT( * N K k X = * ~ I 5 , 5 X ~ + L M A X = * ~ I 5 ~ 5 X ~ * I I ~ A X = * ~ I ~ / 5 X ~  )i 
l A L P H A = * , E 1 2 . 5 r 5 X , * P P H I = ~ r E 1 2 . 5 9 5 X , * X N U l = . X , E 1 2 e 5 r 5 X t K - X M U = Y r E 1 2 . 5 )  
4 0 0  R E A D ( 5 r 3 1 )  XLAM 
3 1  F O R M A T ( F l 4 . 0 )  
: F ( E N D F I L E   5 )   5 5 5 9 , 5 5 5 6  
5 5 56 CONT I Nl lE  
C CALCULATION OF ELEMENTS OF DETERMINANT 
DO 7 0 3  J = l , I T T F M  
DQ 300 K = l ,  I T T F M  
I F ( J - N P A X - 1 )  10*10,200 
10 I F ( K - N M A X - 1 )  11*11,70 
11 I F ( J - 1 )  1.2,12,13 
12  F F L = 2 .  
1 3  E E L = l .  
GO T O  14 
1 4  I F ( J - K )  i 4 9 1 5 9 1 6  
1 5  D E L T A = l .  
GO T O  17  
16 DFL-TA=IJ. 
17 SS=K-1  
CALL P P D D ( S S , X L A ~ , X M ! J , L L M A X , P P , D P )  
A E L ( J 9 K ) = D P * E F L * D E L T A  
GO TO 7 0 0  
30  SS=Z*(K-NMAX-Z)   *XNU1 
CALL P P D D ( S S , X L A M , X M U , L L M A X , P P P D P I  
LH=Y-NMAX-2 
L I = J - A  
C A L L  X L L L L ( L H I L I I A L P H A ~ X N U ~ , X I I )  
A E L ( J , K ) = D P * X I I  
GO T O  300  
Z O O  I F ( Y - t ! M A X - i )  212,217,230 
2 1 2   L E =  J-NhdAX-2 
L I  = Y - 1  
CALL X L L L L ( L H , L I , A L P H A , X N U l r X I I )  
SS=K-l  
C.4LL P P D D ( . ~ . ~ , X L A ~ F . X M I J , L L ~ . : ~ X , P ~ , D P )  
A E L ( J , K ) = P P * X I I  
GO TO 3 0 0  
2 3 0  I F ( J - K )  233 ,232 ,233  
2 3 2  DELTA=1 
GO TO 2 3 4  
2 33  DEL TA=O 
2 3 4   I F ( J - N M A X - 2 )   2 3 6 , 2 3 5 , 2 3 6  
2 3 5   E E L = 2 *  
GO TO 2 3 7  
2 3 6  EEL=lo 
737   SS=2   + (K-NMAX-Z)+XNUl  
C A L L  PPDD(SS,XLAM,XMU,LLMAX,PP,DP) 
A E L ( J ~ K ) = - ( ~ o - A L P H A / ( ~ ~ * P I ) ) * F E L * P P * D E L T A  
300   CONTINUE 
303  CONTINUE 
DO 3 0 7   I = l , I T T E M  
DO 3 0 6   J = l , I T T E M  
B (  I , J ) = O o  
E E E E ( I , J ) = A E L ( I * J )  
306  CONTINUE 
3 0 7  CONT I W E  
CALL L E ~ ( A E L , B , I T T F ~ r 0 , 5 0 , 5 O , D E T )  
WRITE ( 6  9 3 2  1 XLAM ,PET 
32  FORMAT(*  X L A M = * , E ~ ~ ~ ~ , ~ X ~ + D E T = ~ , E ~ ~ O ~ )  
IF( IIPD) 4r09400,1n02 
1 0 0 2  CONTINIJE 
C CALCULATION O F  COFACTORS 
DO 9 0 3  I = l , I T T E M  
DO 9 0 2   J = l , I T T E M  
A D F T ( I , J I = E E E E ( I * J )  
9 0 2  CONTINUE 
9 0 3  CONTINUE 
I CORD= 1 
JCORD= J 
DO 511 J = l r J E P  
CALL C O F A C T ( A D E T , I T T ~ M , I C O R ~ * J C O R D * D E T C O ~ )  
B M I N ( J I = - ( - l o ) * * J C O R D a n F T C O F  
5 2 6  CONTINUE 
5 1 1  CONTINUE 
DO 5 1 2  L = l ? L F P  
JCORD=L+J fP  
CALL C O F A C T ( A D € T , I T T E M , I C O R D , J C O R D I D E T C O E )  
DMIN(L)=-(-lo)++JCORD*DETCO€ 
5 3 6  CONT I NUE 
5 1 2  CONTINUE 
D E L U = ( l o - U O ) / I Y T E R V  
I S T E P = I N T E R V + l  
DO 6 1 1  I = l , I S T E P  
X M Y = ( I - l ) * D E L U  
SS=O. 
CALL PPDD(SS,XLAMIXMMILLMAX,PPPDP) 
S U M 1 0 = 2 o * ( @ . ~ I N I 1 ) 9 P P ) * ~ 2  
DO 6 0 1  J=2 ,JEP 
SS= J- 1 
C A L L  P P D D ( S . ~ ~ X L A M I X M M , L L M A X , P P , D P )  
SUYlO=SUM10+IBMINIJ)*PP)~~2 
S U Y A ( I ) = S U M 1 0  
6 0 1  CONTINUE 
59 
. 6  11 CONT I NUE 
D E L V = ( l . + U O ) / I N T E R V  
DO 7 1 1  I = l , T S T F P  
X”=( I - l ) * D E L V  
ss=0 
CALL  PPDD(SS,XLAM,XMM,LLMAX,PP,DP)  
S U ~ l l = Z . * ( D M I N ( l ) * P P ) * ~ Z  
DO 6 0 3   L = Z , L E P  
SS=Z.+(L-1)*XMU1 
CALL  D”DD(SS,XLAM,  XMM,LLMAX,PP*DP) 
S U ~ l l = . S U M l l + ( D M I N ( L ) * D P ) * * ~  
SUM5 ( I 1 =SUM1 1 
TOSUMl=SUMA( 1) 
TOSUMZ=SUMB ( 1 1 
DO 6 2 2   I = Z , I N T E R V  
COFF=3.+(-1.)**1 
603 CONT I NtJE 
7 1 1  CONTINUE 
T O S U ~ l = T O S U ~ l + C O F F * S U ~ A ( ? )  
TOSUMZ=TOSUMZ+COEF*SUMR ( I ) 
6 2 2  CONT I NIJE 
T O S U M l = ( T C S U M l + S U M 4 ( ! S T E P )  ) * D E L U / 3 .  
TOSUMZ=(TOSUMZ+SUMP(ISTEF) ) * D F L V / 3 .  
O D D N = T O S U ~ l * ~ I / Z . + P P H I * T ~ S U M 2 / 4 .  
C CALCULATION  CF NORMALIZED  COFACTORS  --COEFFICIENT OF E IGEN  FUNCTION 
DO 6 3 3  I=l,JEP 
S B M T N ( T ) = B ~ I N ( T ) / S o R T ( ~ ~ ~ ~ )  
B M I N ( I ) = S B V I M ( ! )  
W R I T E ( 6 9 6 )  
6 33 CONT I NU€ 
6 FORMAT( / *  C O E F F I C I E N T S  OF EVEN  FUNCTION*)  
304 F O ~ M A T ( 5 E 2 0 . R / ( 5 X 1 5 E Z ~ . ~ ) )  
W R I T E ( h 9 3 0 4 )   ( B M I N ( I ) r I = 1 9 J E P )  
DO 6 3 s   L = l , L F P  
S D M I N ( L ) = D ~ I N ( L ) / S O R T ( O D D N )  
D M I N ( L ) = 5 . D Y I N ( L )  
W R I T E ( 6 , ? 0 4 )   i D M I N ( L ) r L = I , L E P )  
W Q I T E ( 6 9 4 0 1  1 
4 0 1  F O R M A T ( / / / / )  
6 34 CONT I NUE 
GO TO 400 
EN D 
5 5 5 9  STOP 
SUBROUTINE X L L L L ( L H I L I I A L P H A I X N U ~ ~ X I I )  
C 
C 













I F ~ A B S ~ J ~ V O - V A L ~ - ~ . * ~ P S I L ~ ~ ~ I ~ ~ ~ ~ ~  
1 1  JZ=LH+l 
X I I = ~ . * ~ - ~ . ) ~ * J Z ~ S I N ~ V A L * P I ~ ~ X I / ~ P I * ~ V C * * Z - X I * * Z ~ ~  
GO T O  3 0  
14  XII=O 
20  IF(L1  121  921  923 
21  EFL=2. 
GO T O  ' 0  
GO T O  2 4  
23  EEL=1. 









ZX=( l . -XMU) /2 .  
I F ( A B S ( Z X ) - O a O 0 0 0 0 1 )   3 5 , 3 5 9 3 1  
3 1  CONTINUE 
DO 40 L=l ,LLFIAX 
Z L = L  
T E M l = T E M l + D D * Z X * + ( L - l )  
T E M ~ = T ~ M ~ + ( Z L - ~ O ) * D D ~ Z X * * ( L - ~ )  
DD=DD*(ZL-XLAM -1 1 * ( Z L + X L A M   ) / ( Z L + * Z + Z L * X N U )  
40 CONTINUE 
A R T F L = ( ( ~ . - X ~ U I / ( ~ O + X M U ) ) * * ( X N U / ~ ~ )  
PP=ARTFL*TEMl  








SUBROUTINE L E Q ( A I B I N E Q S I N S O L N S ~ I A ~ I B ~ D E T )  
CLEQ  LINEAR  EQUATIONS  SOLUTIONS  FORTRAN I 1  VERSION L E Q F 0 0 2 0  
L E Q F 0 0 3 0  
L E Q F 0 0 4 0  
L E Q F 0 0 5 0  
LEQFOG60 
L E Q F 0 0 7 0  
L E Q F 0 0 8 0  
L E Q F 0 0 9 0  
LEQFOlOO 
L E Q F O l l O  
L E Q F 0 1 2 0  
L E Q F 0 1 3 0  
L E Q F 0 1 4 0  
L E Q F 0 1 5 0  
L E Q F O l 6 O  
L E Q F 0 1 7 0  
LEQFOlSO 
L E Q F 0 1 9 0  
L E Q F 0 2 0 0  
L E Q F 0 2  10  
L E Q F 0 2 2 0  
L E Q F C 2 3 0  
LEQFO240 
L E Q F 0 2 5 0  
L E Q F 0 2 6 0  
L E Q F 0 2 7 0  
L E Q F 0 2 8 0  
L E Q F 0 2 9 0  
L E Q F 0 3 0 0  
L E Q F 0 3 1 0  
L E Q F 0 3 2 0  
L E Q F 0 3 3 0  
L E Q F 0 3 4 0  
L E Q F 0 3 5 0  
L E Q F 0 3 6 0  
L E Q F 0 3 7 0  
L E Q F 0 3 8 0  
L E Q F 0 3 9 0  
L E Q F 0 4 0 0  
L E Q F G 4 l O  
L E Q F 0 4 2 0  
LEQFG430 
L E Q F 0 4 4 0  
L E Q F 0 4 5 0  
L E Q F 0 4 6 0  
L E Q F 0 4 7 0  
L E Q F 0 4 8 0  
L E Q F 0 4 9 0  
L E Q F 0 5 0 0  
LEQFO5 1 0  
L E Q F 0 5 2 0  
L E Q F 0 5 3 0  
L E Q F 0 5 4 0  
L E Q F 0 5 5 0  
L F Q F 0 5 6 0  
L E Q F 0 5 7 0  




























SOLVE A SYSTEM  OF  LINEAR  EQUATIONS  OF  THE FORM  AX=B  Y A M O D I F I E D  
GAUSS E L I M I N A T I O N  SCHEME 
NEQS = NUMBER OF  EQUATIONS AND UNKNOWNS 
NSOLNS = NUMBER OF  VECTOR  SOLUTIONS  DESIRED 
I A  = NUMBER OF ROWS OF A AS D E F I N E D  BY DIMENSION  STATEMENT  ENTRY 
ADET = DETERMINANT  OF A 9  A F T E R   E X I T  FROM LEi) 
r6  = NUMBER OF ROWS OF B A S  DEFINED eY DIMENSION STATEMENT ENTRY 
D I M E N S I O N   A ( I A 9 I A ) 9 8 ( I B 9 I B )  
N S I Z  = NEQS 
N B S I Z  = NSOLNS 
NORMALIZE  ACH ROW BY I T S  LARGEST  ELEMENT. FORM PARTIAL  DETERNT 
D E T = 1  a 0  
DO 1 I = l r N S I Z  
B I C = A ( I , I )  
I F ( N S I Z - 1 ) 5 0 , 5 0 9 5 1  
5 1  DO 2 J = Z , N S I Z  
I F ( A B S F ( B I G ) - A B S F ( A ( I , J ) ) ) )  39292 
B I G = A ( I , J )  
CONT I NUE 
B C = l * O / B I G  
D f l  4 J = l , N S I Z  
A ( I I J ) = A ( I , J ) * B G  
DO 4 1  J = l , N B S I 7  
B ( I I J ) = B ( I I J ) * B G  
DET=DFT*RIG 
CONT I NlJE 
START  SYSTEM  REDUCTION 
NUMSYS=NSIZ- l  
DO 14 I= l ,NUMSYS 
SCAN F I R S T  COLUMN OF CURRENT  SYSTEM  FOR  LARGEST  ELEMENT 
C A L L  THE ROW CONTAINING  THIS  ELEMENT, ROW NBGRW 
NN= I +1 
B I T , = A ( I I I )  
NBC,QW= I 
DO 5 JzNNINSIZ 




SWAP ROW I WITH ROW NBGRW UNLESS  I=NBGRW 
BG=l .O/RIG 
I F ( N B G F W - I )   7 9 1 0 1 7  
SWAP A-MATRIX ROWS 
DO 8 J = I r N S I Z  
TEYP=A(NBGPW,J) 
A ( N R G R W , J ) = A ( I , J )  
A (  I , J )=TEMP 
DET = -DET 
SWAP 6 - M A T R  I X  ROWS 
DO 9 J Z l r N B S I Z  
TEMP=B(NBGRWIJ) 
B ( N B G R W , J ) = B ( I r J )  
R ( 1  , J ) = T E M P  
E L I M I N A T E  UNKNOWNS FROM F I R S T  COLUMN OF  CURRENT  SYSTEM 
63 
10 DO 1 3   K = N N , N S I f  
C COMPUTE P I V O T A L   M U T I P L I E R  
C APPLY  PMULT TO A L L  COLUMNS OF THE  CURRENT  ,4-MATRIX ROW 
PMULT=-A(K, I ) *BG 
DO 11 J=NN,NSIZ 
C APPLY  PMULT TO A L L  COLUMNS O F  MATRIX B 
11 A.(K,J)=PMUL T * A (  I r J ) + A I K * J )  
DO 1 2   L = l , N B S I Z  
12 B ( K , L ) = P M U L T + B ( I , L ) + B ( K , L )  
13  CONT I NUE 
1 4  CONT I NUE 
C DO BACK  SUBSTITUTION 
C WITH  B-MATRIX COLUMN NCOLB 
c DO FOR ROW = NROW 
5 0  DO 1 5   N C O L B = l r N B S I Z  
DO 19 I = l r N S I Z  
NROW=MSIZ+ l - I  
TEMP=O.O 
C  NUMBER OF PREVIOUSLY COMPUTED  UNKNOWNS = NXS 
C ARE WE DOING THE  BOTTOM ROW 
5 NO 
NXS=NSIZ-NROW 
I F ( N X S )   1 6 1 1 7 9 1 6  
1 6  DO 1 8   K = l , N X S  
K K = N S I Z + l - K  
18 T E M P = T E M P + B ( K K 9 N C O L B ) * A ( N R O W ~ K K )  
1 7  B ( N R O W , N C O L B ) = ( B ( N R C W ~ N C O L B ) - T E M P ) / A ( N R O W ~ N R O W ~  
c HAVE WE F I N I S H E D  ALL ROWS FOR 6-MATRIX COLUMN = NCOLB 
c YE 5 
C HAVE WE J U S T   F I N I S H E D   W I T H  6 - M A T R I X  COLUMN NCOLBzNSIZ 
C YES 
C NOW F I N I S H   C O V P U T I N G  THE DETERMINANT 
DO 2 0  I = l , N C I Z  
C WE ARE A L L  DONE NOW 
C WHEW. s s 
1 9  CONT I NUE 
1 6  CONT I NUE 
2 0  D E T = D E T + A ( I , I )  
RETURN 
END 
L E Q F 0 5 9 0  
LEQFOhOO 
L E Q F 0 6 2 0  
LEQFC610  
L E Q F 0 6 3 0  
L E Q F 0 6 5 0  
L E Q F 0 6 4 0  
L E Q F 0 6 6 0  
LEQFO670 
L E Q F 0 6 8 0  
L E Q F 0 6 9 0  
L E Q F 0 7 0 0  
L E Q F 0 7 1 0  
L E Q F 0 7 2 0  
L E Q F 0 7 3 0  
L E Q F 0 7 4 0  
L E Q F 0 7 5 0  
L E Q F 0 7 6 0  
L E Q F 0 7 7 0  
L E Q F 0 7 8 0  
L E Q F 0 7 9 0  
LEQFOBCO 
L E Q F 0 8 1 0  
L E Q F 0 8 2 0  
L E Q F 0 8 3 0  
L E Q F 0 8 4 0  
L E Q F 0 8 5 0  
L E Q F 0 8 6 0  
L E Q F 0 8 7 0  
L E Q F 0 8 8 0  
LEQFO€!9O 
L E Q F 0 9 0 0  
L E Q F 0 9 1 0  
L E Q F 0 9 2 0  
L E Q F 0 9 3 0  
L E Q F 0 9 5 0  
L E Q F 0 9 6 0  
L E Q F 0 9 4 0  
L E Q F 0 9 7 0  
I E Q F 0 9 8 0  
64 
SUBROUTINE C O F A C T ( A D F T I I I M A X , I C O R D , J C O R D , D E T C O E )  
DIMENSION A D E T ( 5 0 , 5 0 ) , R O E T ( 5 0 , 5 0 ) , C D E T ( ~ O 9 5 0 )  
M =  1 
MM= 1 
10 N = l  
MN= 1 
I F ( M - I C O R D )   2 0 9 1 2 9 2 0  
12 MM=M+1 
2 0  I F ( N - J C O R D )   2 3 , 2 2 9 2 3  
22  MN=N+1 
23  B~ET(M,N)=ADET(MM,MN)  
N = N + l  
MN=MN+l 
I F ( N - I I M A X + l )   2 0 9 2 0 9 3 1  
YM=MM+l 
I F ( M - I I M P X + l )  10~ln935 
3 1  M=M+1 
3 5  r T E R M = I I M A X - 1  
DO 3 7  I = l , T T E R M  
DO 3 6  J z l q I T E R Y  
CDET(   I , J )=O.  
36  CONTINUE 
37 CONTINUE 
CALL L F O ( B D E T * C D E T , I T E R M , 0 9 5 0 ~ 5 O ~ D E T C O E )  
RETURN 
END 
C SECOND PROGRAM 
C DETERMINATION OF  THE  COEFFICIENTS  OF  THE  IGENFUNCTION  EXPANSION FROM 









1000 READ(5, lOOl)   I I ,NP'AX,LMAX 
1001 F O R M A T ( 3 1 5 )  
1 0 0 2   C O N T I N U E  
I F l E N D F I L E   5 )  9999,1002 
I F ( I 1  mEQ* 1) 1 0 1 , 1 0 3  
C 
C 
C ODD FUNCTION 
1 9 1  I IMAX=LMAX+NMAX 
h ' R I T E ( 6 , 1 0 0 3 )  
1003 F O R M A T ( l H l *  ODD FUNCTION*)  
NCALL=NMAX 
LCALL=LMAX 
GO T O  104 
C 




5 02  
IIMAX=LMAX+NMAX+Z 
W R Y T E ( 6 r 1 0 0 4 :  
FORMAT ( 1H19*  EVEN  FUNCTION* 
NCALL=NMAX+l 
LCALL=LMAX+ l  
CONT I NUE 
P I = 3 . 1 4 1 5 9 2 6  
ALPHAzPI   12 .  
XMU= 0 
P P H I = ~ O ~ ~ ( P I - A L P H A / ~ .  1 
X N U l = P I / P P H I  
H A L P H I = P P H I / 2 *  
EPS = 0 . 0 0 0 0 0 1  
W R I P E ( 6 , 5 0 2 )  N M A X I L M A X P I I M A X I A L P H A Y P P H I ~ X N U ~ ~ X V ~ U  
FORMAT ( * N M k X = * , I 5 , 5 X , a L M A X = 9 , I 5 , 5 X , s I I M A X = * , I 5 / 5 X ,  * 
l A L P H A = * , E 1 2 . 5 ~ 5 X ~ * P P H I = * , E 1 2 . 5 , 5 X I + X N U 1 ~ * ~ E ~ ~ ~ 5 ~ 5 X ~ * X M U ~ ~ ~ E l Z ~ 5 ~  
h 0 0  READ(5 , lOO)XLAM 
I F ( E N D F 1 L E   5 )   1 0 0 0 , 1 1 1 1  
1111 CONTINUE 
100 FORMAT(5F15.O) 
R E A D ( 5 , 1 0 0 )   ( B M ! N ( I l , I = 1 , N C A L L )  
R E A D ( 5 , l G O )   ( D M I N ( L ) * L = l , L C A L L )  
UG=O 
MAXPUS=MAXTOP+l 
I N D E X = l  
W R I T E ( 6 9 3 2 )  X L A M  
32  FORMAT( * XLAM=*,E15.8) 
W H I T E ( 6 , 5 0 3 )  
503   FORMAT( / / *   COEFICIENTS  CF   E IGENFUNCTION* )  
W R I T E ( 6 r 3 0 4 )  ( B M I N ( I ) , I = l , N C 4 L L )  





F O R M A T ( ~ E ~ O O ~ / ( ~ X , ~ E ~ O O ~ ) )  
DELUl=( lo-UO-2o*EP.S  ) /MAXU1 
MAXUST=MAXUl+l  
UK=UO+EPS 
DO 5 I= l ,MAXUST 
TOTARGtOo 
C A L L  F F F ( U K ~ I N D E X ~ M A X T O P ~ F T I I ~ P P H I , I D I M )  
DO 4 J=l,MAXPUS 
F U P ( I , J ) = F ( J )  
CONTINUE 
I ROW= I 
DO 13 J = l , N C A L L  
I F ( 1 I  o E Q o  1 )  111,113 
C ODD  FUNCTION 
111 CONTINUE 
X V A L = J  
C A L L  SININT(FUP,XVAL, IROW,MAXTOPIPI ,O, IDIM 9 T R I I N T )  
GO TO 114 
C 








CONT I NUE 
X V A L Z J - 1  
C A L L  C O S I N T ( F U P ~ X V A L ~ I R O W I M A X T O P , P I , O I I D I M  9 T R I I N T )  
CONT I NUE 
SS=XVAL 
C A L L  PPDD(SS,XLAM,UK,LLM4X,PPIDP)  
T O T A R G = T O T A R G + B M I N ( J ) * P P * T R I I N T  
CONT I NUE 
S U M J ( I ) = T O T A R G  
UK=UK+DELUl 
CONT I NUE 
TOTEMl=SUMJ ( 1 )  
DO 19 1=2,MAXUl 
C O E F = 3 o + ( - l o ) * + I  
T O T E M i = T O T E M l + C O E F + S U M J (  I )  





DELU2=(1o+UO-20*EPS  ) /MAXU2 
UK=- lo+EPS 
DO 9 I=l ,MAXUSM 
TOTARG=Oo 
C A L L  F F F ( U K , I N D E X , M A X B O T , F ~ I I ~ P P H I ~ I D I M )  
DO 8 J = l  ,MAXPUS 
F B T ( I , J ) = F ( J )  
CONTINUE 
IROW= I 
DO 2 3  L = l , L C A L L  
IF(II o E Q o  1 )  1 2 1 9 1 2 3  
C ODD FUNCTION 
1 2 1  CONTINUE 
X V A L = ( 2 * L - l ) * X N U l  
C A L L  S IN INT(FBT,XVAL, IROW,MAXBOT,HALPHI ,O , ID IM 9 T R I I N T )  
GO T O   1 2 4  
C 
C EVEN  FUNCTION 
1 2 3  
124 
2 3  
9 




CONT I NUE 
X V A L = 2 * ( L - l l * X N U l  
C A L L  C O S I N T ( F 5 T ~ X V A L ~ I R O W , M A X B O T ~ H A L P H ~ ~ ~ ~ I D I M  9 T R I I N T l  




CONT I NUE 
SUML(   I )=TOTARG 
UK=UK+DELU2 
CONTINUE 
T O T E M 2 = S U M L ( l )  
DO 2 9  I=2,MAXU2 
UF=-(JK 
C O E F = 3 - + ( - 1 -  )** I  
T O T E M 2 = T O T E M 2 + C O E F - ~ S U M L ( I l  
CONTINUE 
EEEM=TOTEMl+TOTEM2 
W R I T E ( 6 , l l ) E E E M  
F O R M A T (  / 2 0 X , ~ K ( L A ~ D A ) = * , E 1 5 . 8 )  
W R I T E ( 6 9 4 0 1 )  
F O R M A T ( / / / / )  





SUBROUTINE S I N I N T ~ F P ~ X V A L ~ I R O W , M ~ X S T ~ U P L I M , S O T L I M , I ~ I M ~ T R I I N T ~  
C F I L O N I S  METHOD FOR THE  NUMERICAL  EVALUATICN  OF  TRIGONAMETRICAL 




2 5  
31 
D I M E N S I O N   F P ( I D I M 9 I C I M )  
H H = ( ~ P L I l ~ - B O T L I M ) / ~ A X S T  
S ~ S = O O ~ * F P ( I R O W I ~ ) * S I N ( X V A L * B O T L I M )  
DO 14 J=3,MAXST,2 
P = B O T L I M + ( J - l ) * H H  
S2S=SZS+FP(IROW,J)*SIN(XVAL*P) 




DO 1 6  J = 2  ,WAXST92 
P = B O T L I M + ( J - l ) * H H  
S~SM=S~SM+FP(IROWIJ)*SIN(XVAL*PI 
CONT I NUE 
THE=XVAL*HH 
I F I T H E - 0 . 2 )   2 5 , 2 1 9 2 1  
A L P H A = ( T H E 9 * 2 + T H E * ~ I N ( T H E ) 9 C O S ( T H E ) - 2 . " S I N ( T H E ) * * Z l / T t i E ~ * 3  
B E T A = ; . * ( T H E * ( 1 o + C O S ( T H ~ ) * * 2 ) - ~ o * S I N ( T H E ) * C O S ( T t i ~ ) ) / T H E * ~ 3  
GARM=4.*(SIN(THE)-THE*C@S(THE) ) / T H E * * 3  
GO TO 3 1  
A L P H A = 2 . * l ~ E a ~ 3 / 4 5 . - 2 . * T H E ~ ' ~ 5 / 3 1 5 . + 2 o * T H E . ~ * 7 / 4 7 2 ~ .  
B E T A = 2 . / 3 . + 2 . + T t i t * * 2 / 1 ~ . - 4 o * T H E ~ * 4 / l O 5 . + 2 o ~ T H E ~ * 6 / 5 6 7 0  
G A R M = ~ . / ~ . - ~ . * T H E * * ~ / ~ ~ ~ + T H E * * ~ / ~ ~ O O - T H E * * ~ / ~ ~ ~ ~ O .  
F A = F P ( I R O W , l I  
F R = F P ( I R O W , M A X S T t l )  





C F I L O N t S  METHOD FOR THE NUMERICAL  EVALUATION OF TRIGoNAMETRICAL 
C INTEGRALS- - ( INTEGRAND=FP(P) *COS(X*P)9  
D I M E N S I O N   F P I I D I M , I D I M )  
HH=(UPLIM-BOTLIM) /MAXST 
S2S=Oo5*FP(IROW9l)*COS(XVAL*BOTLIM) 
DO 14 J=3rMAXST,2 
P = B O T L I M + ( J - l ) * H H  
S~S=S~S+FP(IROWIJ)*COS(XVAL*P) 
J = M A X S T + l  
S2S=S2S+0~5*FP(IROWeMAXST+l~*COS~XVAL*UPLIM~ 
DO 16 J - 2 r M A X S T 9 2  
P = B O T L I M + ( J - l ) * H H  
S2SM=S2SM+FP(IROW*J)*COS(XVAL*P) 
THE=XVAL*HH 
14 CONT I NUE 
S2SM=0. 
16 CONTINUE 
I F ( T H E - 0 . 2 )   2 5 , 2 1 9 2 1  
21 ALPHA=(THE*+~+THE+SIN(THE)*COS(THE)-ZO*SIN(THE)**~)/THE**~ 
~ E T A = ~ ~ ~ ( T H E * ( ~ ~ + C O S ( T H E ) * * ~ ) - ~ O * S I N ( T H E ) * C O S ( T H E ) ) / T H E * * ~  
C A R M = 4 . * ( S I N ( T H E ) - T H E * C O S ( T H E )  ) / T H E * * 3  
GO T O  3 1  
2 5  A L P H A = ~ O * T ~ E * * ~ / ~ ~ ~ - Z O ~ T H E % * ~ / ~ ~ ~ ~ + Z * * T H E * * ~ / ~ ~ ~ ~ ~  
B E T A ~ 2 ~ / 3 o + 2 0 * T H E * ~ 2 / 1 5 o - 4 o * T H E w + 4 / 1 0 5 . + 2 o * ~ H E * * 6 / 5 6 7 o  
GARM=4./30-2.*THE**2/15o+THE**4/2lO*-THE**6/1134Oo 
31 F A = F P ( I R O W q l )  
FB=FP( IROW,MAXST+ l )  
T R I I N T = H H * (  ALPHA*(FB*SIN(XVAL*UPLIM)-FA*SIN(XVAL*BOTLIM))+BETA* 
RETURN 
END 
l .%?S+GARM+SZSM)  
I '  
SUBROUTINE F F F ( U U ~ I N D E X I M A X * F * I I , P P H I * I D I M )  
DIMENSION F(IDIM1 
PI=3.1415926 
IFtINDEX o E Q .  1 )  4r6 
4 DELPSI=PI/FLOATIMAX) 





DO  19  N=lrMAXPUS 
BPSI'PSI-PPHI/2o 
CALL  FSF(BPSI9UU9FS  rPPHI) 
FA=FS 
BPSI=2.*PI-PSI-PPH1/2. 
CALL  FSF(EPSI9UU9FS  *PPHI) 
FB=FS 
IF(I1 W E Q O  1)  14916 
14 F(N)=(FA-FB)/2. 
GO T O  1 7  






SUBROUTINE F s F ( B P s I 9 u u 9 F s   9 P P H I )  
P I = 3 . 1 4 1 5 9 2 6  
P I 2 3 = 2 . * P I / 3 .  
P 1 4 3 = 4 . * P I / 3 .  
CONS2 3 = 2  / 3  
H A L P I = D I / Z o  
H A L P H I = P P H I / Z .  
T E S T l = Z o * P I - H A L P H I  
T E S T 2 = 2 o * P I - P P H I  
I F ( U U )  1 1 9  1 9 1  
GO TO 3 1  
1 F O = l o  
11 I F ( B P S 1  .LE. T E S T 1  .AND. BPS1 o C E o  H A L P I  .OR. B P S I   0 L T o   - H A L P I  
1 .AND. BPS1 oGEo(-HALPHI-0o0000001~) 1 9 1 4  
12 F O = O o  
GO T O  3 1  
14 I F ( B P S 1  O L E O  0 .AND. B P S I  0 G T o  - H A L P I )   1 2 9 1 5  
1 5   I F ( B P L 1   o L T o   H A L P I  .AND. B P S I  0 G T o  01 1 6 9 1 8  
16 W R I T E ( 6 9 1 7 )   U U 9 B P S I  
1 7  FORMAT(* PRORAM  STOP IN CASE 1 U=*9E12 .5 ,5X , *BPSI=* ,E12 .5 )  
STOP 
1 8   I F ( A B S ( B P S I + H A L P I )  -3.00001) 1 9 9 1 9 9 2 C  
19 FO=Or5  
GO TO 3 1  
20 W R I T E ( 6 r 2 1 )  UU9BPST 
2 1   F O R M A T ( *  PRORAM  STOP I N  CASE 2 U=*9€12.595X9*BPSI=*~~l2.5~ 
STOP 
31 A B S P S I = A B S ( B P S I )  
I F ( A B S P S 1  . G T o  H A L P I )   3 2 9 3 3  
3 2   F 1 = 0 0  
GO T O  5 1  
TAUO=AS I N ( A B S  ( UU 1 /RHO 1 
3 3  RHO=SQRT(UU**2+(1.-UU**2)*SIN(BPS1)**2) 
I F ( U U   O G E O  0 )  3 4 9 3 7  
3 4   I F ( B P S 1   O G E O  0 )  35.36  
35 TAU=TAUO 
GO T O  4 2  
GO TO 4 2  
38  TAU=PI+TAUO 
GO T O  4 2  
3 9   W R I T E ( 6 9 4 0 )   U U 9 B P S I  
40 FORMAT(* PRORAM  STOP I N  CASE 3 U = * ~ E ~ ~ . ~ ~ ~ X ~ * B P S I = * T E ~ Z O ~ )  
3 6   T A U z P I - T A U 0  
3 7   I F ( B P S 1  O L E O  0 )  3 8 9 3 9  
STOP 
I F ( A B S P S 1 - H A L P I )   4 5 9 4 3 9 4 3  
GO T O  5 1  
42   CALL CONZD(RHO9TAUrPI239PI43~CONS23~FIF) 
4 3   F l = F I F / Z .  
4 5   F l = F I F  
5 1   I F ( U U  1 5 6 9 5 4 9 5 3  
5 3  F2=00 
GO TO 7 1  
5 4   I F ( B P S 1  o L T o  H A L P I  .AND. B P S I  0 G T o  0 )  5 5 9 5 6  
5 5   F 2 = 0 0  
GO T O  7 1  
I F ( B P S 1   O L E O   T F S T l  .AND. B P S I  .CEO H A L P I )   5 7 9 5 8  
56   RHO=SLRT( l . -UU**2 )  
57  TAU=BPSI-HALPI  
GO TO 6 2  
58  I F ( B P S 1  .LE. 0 *AND*   BPS1 * G E *   - H A L P H I )  5 9 9 6 0  
5 9  T A U = B P S I + 3 e * P I / 2 *  
GO T O  6 2  
STOP 
I F t U U   6 6 9 ' 6 4 9 5 5  
GO T O  7 1  
6 2  C A L L  C O N 2 D ( R H O ~ T A U , P I 2 3 ~ P T 4 3 , C O N S 2 3 ~ F I F )  
64 F 2 = 0 * 5 * F I F  
6 6   F 2 = F I F  











Z X = ( l o - X M U ) / 2 o  
? F ( A B S ( Z X ) - O o 0 0 0 0 0 1 )  3 5 9 3 5 9 3 1  
3 1  CONTINUE 
DO 40 L= l ,LLMAX 
Z L = L  
T E V ~ = T F M ~ + D D * Z X * * ( L - ~ )  
TEM2=TEM2+(ZL-loI*DO*ZX**(L-2) 
DD=DD*(   ZL-XLAM  - l * ) * (ZL+XLAM 1 / (  ZL**2+ZL*XNU) 
40 CONT I NIJE 
ARTFL=((l.-XMU)/(lotX~U))**(XNU/2o) 
PP=ARTFL*TEMl 








c T H I R D  PROGRAM 
C DETERMINATION OF THE  PRESURE D I S T R I B U T I O N  ON SURFACES 
D I Y E N S I O N  E D I M ~ 2 0 ) , P ~ ( ~ O ~ ~ O ) ~ P 2 ( 2 ~ ~ 2 ~ ~ ~ P 3 ( 2 ~ ~ 2 ~ ~ ~ G l ~ 2 ~ , 2 ~ ~ ~  
1 G 2 ( 2 0 ~ 2 o ) ~ G 3 ( 2 0 ~ 2 0 ~   , B ~ I N ( 2 0 ) , D M I N ( 2 0 )  
LLMAX=F?O 
D I = 3 . 1 4 1 5 0 2 6  
ALPHA=PI /2 .  
P P H I = ~ O * ( P I - P L P H P / ~ O )  
X N U l = P I / P P H I  
Y A L P H I = P P H I  / 2 a  
DO 106 M = l v 1 0  




105  CONTINUE 
1 0 6   C O N T I N U E  
1000 RE4D(591001)   I I ,NMAX,LMAX 
1001 FORMAT(315)  
1 0 0 2  CONT I NUE 
I F ( E N D F 1 L E  5 )  9 9 9 9 9 1 0 0 2  
I F ( I 1  eEQo 1) 1 0 1 , 1 0 3  
C 
C ODD FUNCTION 
101 IIMAX=LMAX+NMAX 
W R I T E ( 6 9 2 )  
2 F O S M A I ( l H l , / / *  ODD FUNCTION*)  
NCALL=WMAX 
LCALL=LMAX 
GO TO 1 0 4  
c 
C EVEN  FUYCT I O N  
1 0 3  I I MAX=LMPX+NMAX+Z 
W R I T E ( 6 9 3 )  
3 F O R M A T ( l H 1 9 / / *  EVEN  FUNCTION * )  
NCALL=NMAX+l  
LCALL=LMAX+ l  
104 CONTINUE 
XMU=0 o 
W R I T E ( 6 9 5 0 2 )  N M A X I L M A X , I I M A X , A L P H A ~ P P H I ~ X ~ J U ~ ~ X M U  
5 0 2  FORMAT( * N M A X = * , I 5 , 5 X 9 * L M A X = * , I 5 , 5 X , * I I ~ A X = * , I 5 / 5 X ,  * 
110 R E A D ( 5 9 1 0 0 )   X L A M * E € F V  
100 FORMAT(5F15.0)  
l A L P H A = * ~ E 1 2 o 5 ~ 5 X ~ ~ P P H I = * , E l 2 o 5 ~ 5 X ~ * X N U l = * ~ ~ l Z o 5 ~ 5 X ~ ~ X M U = * , E ~ 2 ~ 5 )  
I F ( E Y D F J L E  5 )  1000,1111 
1111 CONTINUE 
R E A D ( 5 , l O O )   ( E M I N ( I ) , I = l , N C A L L )  
R E A D ( 5 9 1 0 0 )   ( D M I N ( L ) , L = l , L C A L L )  
XYU= 0 0 
CALL T 1 0 2 ~ X L A M , l e ~ E D I M ~ B B B B B 8 )  
AAAAAA=RBBFBB 
W R I T E ( 6 , 3 2 )  XLAM,AAAAA&,EEEM 
' r r iRITE(6,503)  
32  FORMAT( * X L A M = * ~ F ~ 4 ~ ? ~ 5 X ~ ~ A A O = * ~ F l 4 o 9 ~ 5 X ~ * K ~ ~ A I ~ ~ A ) ~ ~ ~ F l 4 ~ 9 ~  
5 0 3   F O R M A T ( / /  * COEFFIC IENTS  OF E IGEN-FUNCTIONS* )  
W R I T E ( 6 3 3 0 4 )  ( B M I N ( I ) , I = l , N C A L L )  
W R I T E ( 6 9 3 0 4 )  ( D M I N ( L )   , L = l , L C A L L )  
3 0 4  F O R M A T ( 5 € 2 0 . 8 / ( 5 X , 5 E Z O o ~ ) )  
W R I T E ( 6 9 4 0 1 1  
401 F O R M A T ( / / / / )  
D E L P H I = ( P I - H A L P H I ) / Z o  
I F ( I 1  .EQo 1) 2 0 0 9 2 0 3  
C 
C ODD FUNCTION 
2 0 0  DO 2 0 2   I = l s 5  
P H I = P I + ( I - 3 ) * D E L P H I  
PDUS=O. 
DO 2 0 1   J = l , N C A L L  
S S = J  
CALL PPDD(SS,XLAM*XMU9LLMAX,PP,Dp)  
S I N F U = S I N ( J * P H I )  
PPUS=PPUS+BMIN(J)*PP*SINFU 
G l ( I ) = p P U S  
GO TO 2 0 9  
2 0 1   C O N T I N U E  
202  CONTINUE 
C 
C EVEN FUYCT  ION 
2 0 3  
2 04 
2 0 6  
2 07 
2 0 9  
2 2 7  
2 2 8  
3 00 
C 
CONT I NUE 
DO 2 0 7  1 ~ 1 3 5  
P H I = P I + ( I - 3 ) * D E L P H I  
PPUS=O. 
DO 2 0 6   J = l , N C A L L  
SS= J-1 
CALL P P D D ( S S , X L A ~ * X ~ U , L L M A X , P P , D P )  
COSFU=COS(SS*PHI) 
PPUS=PPUS+BMIN(J)*PP*COSFU 
CONT I NUE 
G l ( I ) = P P U S  
CGNT I NUE 
CALL T ~ ~ ~ ( X L A M , A A A A A A . * E D I M , B B B B B B B )  
DO 2 2 8   M = l , l O  
DO 2 2 7  N=1,5 
Pl(M,N)=PlIM,N)+EDIM(M)*Gl(N)*EEEM 
CONT I NUE 
CONT I W E  
MYP= 1 
P H I = H A L P H I  
D E L T H = P I / 8 .  -0oO005 
I F ( I 1  oEQe 1) 3 0 1 9 4 0 0  
C ODD FUNCTION 
3 0 1  
3 0 2  
3 0 3  
305 
3 09 
DO 3 0 9   1 ~ 1 9 5  
T H F = P I / 2 . + ( 1 - l ) * D E L T H  
XMU=COS (THE 1 
P Y I  N=O o 
DO 3 0 2   L z l P L C A L L  
S S = ( 2 * L - l I * X N U l  
CALL PPDD(SS,XLAM,-XMU*LLMAX,PP,DPI 
S I N F U = S I N ( S S * P H I )  
PMIN=PMIN+DMIN(L)*PP*SINFU 
CONTINUE 
G 2 ( 1 ) = P M I N  
CONTINUE 
GO TO 5 0 0  
G 3 ( 1 ) = P M I N * ( - l a )  
77 
C 
C EVEN FUNCTION 
400 DO 409 1 ~ 1 ~ 5  
XMU=COS(THEI 




PM I N=O e 
COSFU=COS(SS*PHI) 
PMIN=PMIN+DMIN(L)*PP*COSFU 





501 DO 505 M=1,10 
DO  504 N=1,5 





GO TO 110 
WRITE(699998) 
9998 FORMAT(//8X,*PHI*,14X,*Pl~,28X,+XMU*,l4X,*P2*,14X,*p3*) 
601 DO 605 N=1,5 
PHT=PI+(N-31*DELPHI 
THE=PI/2e+(N-l)*DELTH 
XMU=COS ( THE. 1 
DO 604 M=1,10 
WRTTE(6,607) PHI*PI(MIN)~XMUI P2 (MIN 11P3 LMIN 1 
607 F O R M A T ( 2 E 1 6 e 5 9 1 5 X , 3 E 1 6 . 5 1  
604 CONTINUE 
605  CONTINUE 
STOP 
END 
SUBROUTINE T ~ O ~ ( X L A ~ ~ A A A A A A I E D I M , B B B B B B )  
D I M E N S I O N   E D I M ( 2 0 )  
COMMON X X X Y L  
XXXXL=XLAM 
XMAX=Om?989 
X O = 0 ~ 0 0 1  
X O X L = F 3 ( X L A M r X O )  
X O X L P = F 3 ( X L A M + l o * X n )  
X O X L M = F ~ ( X L A V - ~ * J X R )  
XOXLM2=F3(XLAM+2m,XO) 
10 F O = ( X O X L + X L A M * ( X L A M + ~ ~ ) * X O X L M ~ / ( ~ ~ * X L A M + ~ O )  ) * A A A A A A  
G O = ( X L A M * X O X L M + ( X L A M + ~ ~ ) * ~ ~ L A M + ~ ~ ) * X L A M * X O X L P / ~ ~ ~ * X L A ~ + ~ ~ ~ ~ * A A A A A A  
DELX=O.OOI. 
x = x o  
F=FO 
G=GO 
I = 1  
XTEST=OmlOl  
20 X K l = F l ( X , F , G I * D E L X  
X L ~ = F ~ ( X ~ F I G ) * D E L X  
X K 2 = F l ( X + D E L X / Z m ,   F + X K 1 / 2 m 9   G + X L 1 / 2 o ) * D E L X  
X L Z = F 2 ( X + D E L X / 2 m r   F + X K 1 / 2 o ,   G + X L 1 / 2 o ) * D E L X  
X K 3 = F l ( X + D E L X / Z o r   F + X K 2 / 2 0 9   G + X L Z / Z o ) * D E L X  
X L 3 = F L ( X + D E L X / 2 o ,   F + X K 7 / 2 e ,   G + X L 2 / 2 o ) * D E L X  
XK&=F1(X+DELX,  F + X K ~ ~  G + X L ? ) * D E L X  
XL&=F2(X+CELX9  F+XK39   G+XL?) *DELX 
D E L F = 1  /60* (XK1+2  .+XK2+2o+XK3+XK4 1 




I F ( X  mGEm X T E S T )   2 n l r 2 0 3  
2 0 1  F D I M ( I ) = F  
XTFST=XTFST+Oml 
I = T + 1  
I F ( X - 0 . 0 1 )   2 0 9 2 0 9 3 1  
3 1  I F ( X - 0 . 9 9 )   3 2 9 3 2 9 3 '  
32 DELX=Oo 0 1 
2 0 3  CONT I NIJE 
GO TO 2 0  
33 IF(X-0.9989) 3494094.0 
34 DELX=OmOOl 
GO T O  20 
40   ZETA= lm-X  
C l = - X L A M * ( X L A M + 1 - ) / 4 .  
C 2 = C l * * 2  
C ~ = ( ( X L A M * ( X L A M + I . ~ ) - ~ ~ ) * C ~ * * Z + ~ O * C ~ ) / ~ *  
G E N D = F / ( I m + C I * Z E T P + C 7 + Z E P A + * 2 + C 3 * Z ~ T A * * ~ . * 4 L O G ( Z E T A ) )  
E D I M (  I )=GEND 
RETURN 
END 
41 BBSRBR=l . /G€ND 
79 
FUNCTION  Fl(A,B*C) 





FUNCTION F ~ ( D I E )  












Z X = ( l . - X M U ) / 2 .  
I F ( A B S ( Z X ) - O m 0 0 0 0 0 1 1  3 5 t 3 5 9 7 1  
3 1   C O N T I N U E  
DO 40 L= l ,LLMAX 
ZL=L 
T E P l = T E M l + O D * Z X * + ( L - l )  
T E M 2 = T E M 2 + ( Z L - l m ) * D D * 2 X * * ( L - 2 )  












Comparison of numerical results with the exact eigenvalues €or a 













M #  J 
even 













M =  J 
“
even 














-;C Double root 
”” 
TABLE I1 
Some exact eigensolutions for the three dimensional corner  with 
$ = n / 2 ,  a = n/4. 
84 
TABLE I11 
Tabu la t ions  of t h e  e i g e n v a l u e s  a n d  t h e  c o e f f i c i e n t s  i n  t h e  series 
r e p r e s e n t a t i o n s  of t h e  e i g e n f u n c t i o n s  (2a  = n/2 /3, = n/2). 





0 .0  
0.0 
0.0 
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0 .0  
0.0 
-496  980 
-. 85376 
.19722 
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odd 



















- . 01  8772 
.007506 
Coef. D j  
-1 .44460(  
-. 097647 
.031486 
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0 .0  
0 . 0  
0.0 
0 .0  
-4 .072100 
3.765900 








Coef. D j  
0.0 
3.303556 
0 . 0  
0 .0  
0 .0  
0.0 



















0 . 0  
0.0 
0 . 0  
0 . 0  
0 .0  
:oef. Am 
-.  208840 
2.  725500 
4.206  800 
.358770 
.077859 






0 .0  
0.0 
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0 . 0  
0 . 0  
.278460 













- .6 57200 
.283730 
- .081520 
- .  027367 
.06 76 22 
-.  060812 
.029232 
Coef. D j  
3.142500 
5.  396300 
1.576600 
-. 249830 
~ 1086 90 
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.003411 
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Comparison  of  the  eigenvalues for a  three  dimensional  corner with 
those for a,circular cone of the same  solid  angle @= cos ( 3 / 4 ) .  
-1 


















Circular  Cone 
-1 @= cos ( 3 / 4 )  
.863382 
1.210120 
1.893798 
1 .961940 
2 .477387 
2.865298 
2.936459 
3 .190234 
- 
n - 
1 
0 
2 
1 
0 
2 
3 
1 
- 
